CALCULUS Il — EXERCISE SET — 1 — SOLUTIONS

CONIC SECTIONS

1. The ellipse with foci (0, £2) has major axis along the
y-axisand ¢ = 2. Ifa = 3, then ¥ =9 —4 = 5. The
ellipse has equation

[
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2. The ellipse with foci (0, 1) and (4, 1) has ¢ = 2, centre
(2, 1), and major axis along vy = 1. If € = 12, then
a =cfe =4and b* = 16 — 4 = 12. The ellipse has
equation

x—2% -1?
16 . 12 =1

3. A parabola with focus (2, 3) and vertex (2, 4) has
i@ = —1 and principal axis ¥ = 2. Its equation is
(x —2)% = —d(y —4) = 16 — 4y.

4. A parabola with focus at (0, —1) and principal axis
along v = —1 will have vertex at a point of the
form (v, —1). Its equation will then be of the form
v+ 1)? = L4v(x —v). The origin lies on this curve
if
| = +4(—v?). Only the — sign is possible, and in this
case v = £1/2. The possible equations for the parabola
are (y+ 12 =142x

-

The hyperbola with semi-transverse axis a = | and foci
(00, £2) has transverse axis along the y-axis, ¢ = 2, and
b? = ¢* —a* = 3. The equation is

"
£

- —=1.
Y =3

6. The hyperbola with foci at (£5, 1) and asymptotes
x = xi{y — 1} is rectangular, has centre at (0, 1) and
has transverse axis along the line v = 1. Since c = 5
and @ = b (because the asymptotes are perpendicular to
each other) we have a® = b* = 25/2. The equation of
the hyperbola is

.rl—[}‘— 1)? =

]
1



7. I x2+y2+2x = —1, then (x + 12 + y2 = 0. This

represents the single point (—1, 0).

8. If x2+4y? —4y =0, then
24y y+ D)o : ' 1
+4y _}+E =L o —4——=1L

1
This represents an ellipse with centre at (D, E)

semi-major axis 1, semi-minor axis 7 and foci at

(£1)

¥k
gy —dy=0
1
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Fig. 8.1.8

9. If 4x? 4+ y> —4y =0, then

dx? 4y —dy+4=4
4-.1'24—{}'—2}2 =4
P _

. - =
4+ 1

This is an ellipse with semi-axes | and 2, centred at

(0, 2).
/‘ Nﬁﬂ-?—{‘:u
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Fig. 8.1.9
10. If 4x? — v — 4y = 0, then

q G
L 0 2 L
4x? —{}'2+4}'+4J =—4, or I]—— % =—1.
This represents a hyperbola with centre at (0, —2), semi-
transverse axis 2, semi-conjugate axis 1, and foci at
(0, =2 £ +/5). The asymptotes are y = +2x — 2.



Fig. 8.1.10
1. Wxl4+2x—y=3then (x+ 17 —y=4.
Thus v = (x + 1)2 — 4. This is a parabola with vertex
(—1, —4), opening upward.
\ ¥ i
|
| |
1 |
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\
= 4+de—y=3
(—1.—4)
Fig. 8.1.11
12,

If x4+ 2y +2y? =1, then

This represents a parabola with vertex at [%._ —%}, focus
at (—IS]—, —{;} and directrix x = _133_
¥

x+2y+2yi=]

[ )
by —

e

/_'_;/_af‘

Fig. 8.1.12

13. Ifx* =2y +3x+4y = 2. then

(.r+§) -2y — D=2

(x+3) g-1?
5 — 5 =1
I B

=

This is a hyperbola with centre [—%, 1), and asymptotes
the straight lines 2x 4+ 3 = £24/2(y — 1.

v 4

Fig. 8.1.13

14. 1f 9x2 +4y? — 18x + 8y = —13, then

O — 2+ D +4(y> +2y+ 1) =0
&9x — D +4(y + )2 =0.

This represents the single point (1, —1).

15. If 9x2 4+ 4y2 — 18x + 8y = 23, then
O’ — 2+ D +40V + 2y + 1) =23 +9+4=36
9x — D2+ 4y + 12 =36
k-1 o+
4 9
This is an ellipse with centre (1, —1), and semi-axes 2
and 3.
y
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Fig. 8.1.15

16. The equation (x — v)? — (x + y)? = 1 simplifies to
4xy = —1 and hence represents a rectangular hyperbola
with centre at the origin, asymptotes along the coordinate

axes, transverse axis along v = —x, conjugate axis along

¥ = x, vertices at {-ﬁ: —1lr) and (—{r J;), semi-transverse

and semi-conjugate axes equal to 1/+/2, semi-focal sepa-
: / . ,
ration equal to y % + -ie = |, and hence foci at the points

(5

J'?} and (—%, Lﬁ) The eccentricity is V2



/.(/)

Fig. 8.1.16

2 7
(x—y) —(x+¥1-=I1

PARAMETRIC CURVES

1. Ifx=¢ty=1—t (0=t =1) then
x + v = 1. This is a straight line segment.

v

2. Hx=2—tandy=r1+1for 0=t < oo, then
¥y=2—-x+41=3—xfor —oo = x = 2, which is a half

line.
L Y

x=2—r

2,1y

Fig. 8.2.2

1
I Ifx=1/t.vyv=1t—1,0<t <4, then vy = T 1. This
is part of a hyperbola. ’




1 t
4 Ifx=——=and y= —— for —oc < t < oo, then
1 +1= T4

2,2 1+t 1
4y = — = =
. (1+13H)2  1+12

& ( ])3+v3—|
2 T

This curve consists of all points of the circle with centre
at {{:._ 0} and radius {; except the origin (0, 0).

¥V ok

T

r=1/(1+%)
=t f(1+%)
Fig. 824

If x =3sin2f, v =3cos2t, (0 =t = m/3), then
x2 + y2 = 9. This is part of a circle.

5

v
=0 1

Fig. 8.2.5

: T T
6. If x=asectf and vy = btant for —5 <t=< 3 then

.l a
= =sect f—tan” t = L.




7. If x =3sinmt, vy =4cosmwt, (—1 =t = 1), then

2 12
% + ;_6 = |. This is an ellipse.

]=—] I=]

Fig. 8.2.7

8. If x = cos sins and ¥ = sin sins for —oc = 5 < oo, then
x* + y? = 1. The curve consists of the arc of this circle
extending from (a, —b) through (1, 0) to (a, &) where
a = cos(l) and b = sini1), traversed infinitely often back
and forth.

¥k
. X=C085 5N g

V=5In SN 5

LR

g

9. Ifx= cos'f, v=sint. (0 =t = 2m). then
123 4 v23 — 1. This is an astroid.

223420

iI=m
=2

Fig. 8.2.9



Ifx=1—+d—t-and y=2+1 for =2 = = 2 then

10,
=1 =4 =4—(y-2"~
The parametric curve is the left half of the circle of ra-
dius 4 centred at (1, 2). and is traced in the direction of
increasing .
a3 :"‘I k.
EENER S~y
—2=p=l
. (1.2
T T ".-'--_ i -
I
Fig. 8.2.10
. x=141 y=2-14
dx dy
— = — =2
dit dt . .
Mo horizontal tangents. Vertical tangent at + = 0, i.e., at
(1, —4).
2. x=t*-u y=t'4+n
dx dy
— =2t -2 — =2
dt it +2
Horizontal tangent at f = —1., i.e., at (3, —1).
Vertical tangent at £ = 1. i.e., at (—1, 3).
3. x=t'-2u y=1 —12t
dx dy q
— =2 -1 — =3 —4
.7 ( ) T ( y]
Horizontal tangent at r = £2, i.e., at (0, —16) and
(8, 16).
Vertical tangent at t = 1, i.e., at (—1, —11).
4. x=1 -3 y =2t + 317
dx - dy
— =3 -1 — =6t +1
7 ( ) T (t+1)
Horizontal tangent at f =0, i.e.. at (0, 0).
Vertical tangent at t = 1, i.e., at (—2, 5).
At t = —1 (ie., at (2, 1)) both dx/dt and dv/dt change

sign, 5o the curve is not smooth there. (It has a cusp.)



5. x=te /2 y=et
dx ¥ Xy -ﬂr}' 2
—=(1=-)e " —=_2"
dt ( e dt e
Horizontal tangent at =0, i.e., at {0, ]J._
Vertical tangent at t = +1, ie. at (£e 12 ¢~ 1).
6. x =sint v =sinf — t cost
dx = cost ay —tsint
dr di
Horizontal tangent at f = nm, Le., at (0, —(—1)"nm) (for
integers n).
Vertical tangent at t = (n + %JR’. i.e. at (1, 1) and
(—1,—1).
7. x = sin(21) v =sint
dx dv
— =12 2t —_— = I
a cos(28) T Cos
Horizontal tangent at t = (n + %L‘I, i.e., at (0, £1).
Vertical tangent at t = -}(n B %L‘r, i.e. at (+1,1/4/2) and
(£1, —1/v2).
3t 312
8. = — = —
1 +63 YE1E8
de  31-2) dy 32—t
dt — (1+05*  dt (1+19)*
Horizontal tangent at 1 = O and = 2173 je. at (0,0)
and (EIIE‘. QEIE}I
Vertical tangent at 1 = 2713 e, at (223,213), The
curve also approaches (0, 0) vertically as t — +00.
9,  x=1 41t y=1—1¢3
dx ] i 3
— =3 1 — =-3
T -+ = i
ar=p & B30 3

Tdr AIyl T &

10, r=1"—¢ y==0+2
dx dv 5
— =4 —n = =342
dt dt )+
dy -1y 42 5
AL I = —]: - = 3— = "
dx  H—=1y —2(-1) 2
11. x = cos(2t) v =sinf
dx . dy
o= —2sini{2f) — = cost
Al = E] d—'\ = —COSI(JT'“SJ = —l
6 dx —2sin(m/3) 2
2 x=e ¥ = te™
dx 7 d}
— =2t — =1+
ar — = ar (1+20)
d 1 —4 3
Arr=-2 2 _° ( ) __3




15, x=t—fr,y=t*isat (0, 1) att = —1 and t = 1. Since
dy 2t 42
dx 3rs —1 2 )

the tangents at (0, 1) at t = +1 have slopes £1.

16. x = sint, ¥y = sin(2¢) is at (0.0) at ¢ = O and t = 7.
Since

dy 2cos(2t) |2 ift=0
dx = cost -2 ifi=m,

the tangents at (0, 0) at t = 0 and t = 7 have slopes 2
and —2, respectively.

1 r =3t y=28 0=<t<l)
dx 6 dy 6t
u— — i~
dt dt

1
Lenth =[ JBOT + (60202 dt
0

T
=E»f 1 +12dt Letu=1+1
0

du = 2t dt

2

2 ) L
:3f Juda =202 =447 — 2 units
|

1

[

Ifx=1+¢t and y=1—1 for —1 =t < 2, then the arc
length is

2
B
s:f V3 (=20t dt
-1
2
:f [t/ 912 + 4 dt
-1
| 2 _
z(f +f)w’9r1+4d: Let u =9t +4
Jo 0 du — 18t dt
I 13 40
- f +f Vi du
1IBVJy Ny

(lNﬁ + 40:/20 — ]6) units.

[}

7

3. x=acost. ¥ = asin’t, (0 <t < 27). The length is

Iz
f v'9a? cos* t sin? t + 9a? sin® f cos? t dt
0
Ix
:3&[ | sin f cos f| dt
L1
/2 |
=12a [ — sin 2t dt
Jo 2

w2
=61 (— cos Zr)l = 6a units.
2 0




4. Ifx=In(1+1}) and y=2tan~! f for 0 = ¢ < 1, then

de U dy
di — 141 dt —
The arc length is

f ey
\/Iil—Hz}l
dt
_Zf Let t =tan#
0 1+

dt = sec2 8 di
x4
:2[ secH di
0

=2ln|sect 4+ tand|

2
1 +12

w4

=2In(l + V2 units.
L]

n

x =t?sint, y =t2cost, (0 <t < 2m).

X .
== — tsint + *cost
dt
dy 9 .
'f = 2fcost —t°sint

dr
(E) —¢2 [4 sin” + 4t sint cos t +f2 cos* t

+4cosst — 4t sinfcost + 12 sinzr}
= t2(4 4 17).

The length of the curve is

f tvad+2dt Letu=4+12
du = 2t dt

1 FEWS S - ! . 44
zaﬁ I du = Eu -

]
=§([] + a2 _ I) units.

4

6. X =cost 4 fsint y=sint —tcost (0=t =2m)
dv .
— = CO&T — =1snt
dt dt
2
Length =f Viicoslt + t2sint dt
]
In 22
I 2 ;
=f tdt = — = 27 units.
o 2 ]
1. x =1+sint y=cost (0=if=m)
dx

=1+ cost £——sin.r
dt dt



m
Length ={ V14 2cost + cos’t + sin t dt
Jo

: g f g I-
f V4cosi(t/2)dt = 2[ cos — dt
Jo 0 2

¢ o
=4sin—| =4 units.
2
<10
8. x=sin’t y=2cost 0=<t=<m/2)
dx dy
— =2sinfcost — = —2Zsinf
dt dt
Length
w2 ;
=f v dsin? t costt + 4sin? t dt
]
a2 —
=2[ sinfy' 1 +cos=ifdr Letcost =tanu
0 —sint dt = sec? udu
x4
= 2[ sec” u du
0
x/4
= (scculanu+ln{secu+lanu})
0
— +/2 £ In(1 + +/2) units.
11. x = €' cost y=e'sint (0=t=m/2)
dx

: dy :
— = ¢'(cost —sint) i e'(sint + cost)
I

r
Arc length element:

ds = /eX(cost —sint)2 + e (sint + cost)? dt

= ﬁfr dt.

The area of revolution about the x-axis is

t=x/f2 xf2 .
[ 2ayds = 2321 [ e~ sint dt
t 0

=0
flf ;z,r'E
=227 _(2sint — cost)
5 0
242
= ";_H (2™ + 1) sq. units.

12. The area of revolution of the curve in Exercise 11 about

the y-axis is

t=m2 w2 .
[ drxds = 232w f e cost dt
=0 W40

2 w2

2
=2v2n ?(Ecosf + sini)

2V
5

]

(e™ — 2) sq. unils.




=0 -4, y=1,(-2<t<2).

2
Area =f 23 — ) di

— zf_ur“ — Yy dr
[}

15.

IVELEES 2_2565 s
B N A E e
S = P
_1'=Jl2
A
X
Fig. 8.4.15

0
16. Arcaof R =4 x [ (a sin? ti—3asint cos® 1) dt
Jafl

i}
= —124* sin* t cos? t dt

w2

/2
1242 t sinidt)  sin® (2t)
= | AT —_— = —_
1& 64 48 o
(See Exercise 34 of Section 6.4.)

3 5 ,
= —Ta" sg. units,

2
\

—d

Fig. 8.4.16
17. x =sin*t, v = cos't, (IJ =t = %)
w2
Area = f {CDS4 4 sin” f cost) dt
w2 ,
=4[ cos® t(1 — cos’ t) sint dt Let w = cost
0 du = —sint dt

: (I 1
_ 5 7 _ R D -
_4‘[0 (' —u Jdu_6(6 E) =5 % units.



18.

19,

4

r=sin

Fig. 3.4.17
If x =coss sins = %sin?ﬂs and ¥ =sin 5 = {r—{rcnszs
for0 =g < -i;rr. then

s 1)1 1, 1, 1
¥+ v—=]) =—sin" 25 + —cos” 2§ = —
(' 2 4 4 4

which is the right half of the circle with radius {; and
centre at (0, %}. Hence, the area of R is

2

]JT.I_—JIS units
p) (5 = g Sd-units

v
| X=0C08 550§
y=sin® s
1
)
R
Fig. 8.4.18

¥ =(2+sint)cost, vy = (2 +sint)sint, (0 =1t < 2m).
This is just the polar curve r = 2 4 sin#.

Area

LW d
_j; [2+siu!]sinra((2+sjnncosa‘}dr

2z
—[ (2sint + SlRZF]I{CDSE f—2sint —sin® ) dt
0

2r
f [4 sin’t + 4sin” f + sin* 1
]
— Zsinfcostt —sin®t cosll] dt

In 1 — cos 2t
zf [2(1 —cosEI}+%(—cnsEr}]dr
1}

2r
- [ sin:[:l — 6cos r] dt
Jo

hi g O .
= H+?+0:T sq. units.

¥ a=(2+sin ) cosi
y=(2+sin{) sEnf

/ D=r=lr




POLAR COORDINATES AND POLAR CURVES

1. r=73secd
reosf =3

r=3 vertical straight line.

2. r=—2c¢cscd = rsind = -2
1:

= =-2 a horizontal line.

3. r=5/(3sinf —4dcosd)
Jrsinf —drcosd =5
Jv—dx =5 straight line.

4. r =sinf 4 cosd
r? = rsin® 4+ rcosé

2 2
I+ Yy =v+x

(b4

11 1
a circle with centre (E’ ) and radius —.

2 NG
5. rl=csc29
rlsin26 =1
2r2sinf cosd = 1
2xv=1 a rectangular hyperbola.
rsing

6. r—secH tanf = rcost =
rcosd

¥t = y a parabola.
7. r=secH(l+tand)
rcosf = 1+ tand
v
=14~
x
xt—x— v=10 a parabola.

2

"~ cos? 6+ 4sin? @
rloos? 8 L artsinf 6 =4

xt+ 4}'2 =4 an ellipse.

8. r

1

9, = —
! | —cosd
r—x=1
=11 +JEJ3

pvi=142x 422

}-3 =1+ a parabola.



2
2 —cosd
2r—rcosd =2
art = 2+ x)*

10. r=

4.1'2+-’-1-_‘|.‘2=4+4.I+.t’1

ax? +-f-1-_'|:2 —dr=4 an ellipse.
2
11. =—
"= T—2sing
r —2\' = 2

Xy = =401+ ) =44 By + 4y?

xr— 3}'2 —8y=4 a hyperbola.
2
A ey
r+rsind =2
rP=2-y)
Ay o4 dy 442
xt=4—4dy a parabola.

13, r=1+sin# (cardioid)

2
\/
S, N .
Fig. 8.5.13

14. If r =1 —cos €?+%),lh::rlr:[]zilf?:—:|T

This is a cardioid.
. v

r=l—c05fﬂ—§-} .

Fig. 8.5.14

15. r=1+2cos#d
r=0if # = £2x /3.

4

T

— and —.

4

K

N

Fig. 8.5.15

a3

16. Ifr—1—_2sing. Lhcnr:l}alﬁl:%and Sg.

7t

|
P

W,

r=1-2smnd

Fig. 8.5.16

N

[1 5,

T

Fig. 8.5.17

17. r =2+ cos@

18. Ifr—2sin26. then r =0 at & = 0, :I:% and 7.
o

~ V2T

Y
<-

r=2sin 28

Fig. 8.5.18

19. r = cos38 (three leafl rosetie)
r=0at f =+m/6, £x/2, £51/6.
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T
J““m____/’ x
Fig. 8.5.19
m T 5w
20 Ifr=2cosd4d, thenr =0 at 8 = ig, i?, ﬂ:? and
7
ﬂ:%, (an eight leaf rosette)
Y C g
‘\‘ ,'g=_é"'_
... \‘\.ll Ill,"' L
NN Sl
P ___‘H.-g.
— — 1
.-"--', ‘Ir'l 1 ‘1"‘—_‘
LR \ |5
S ‘_‘r=2cu54¢.?
Fig. 8.5.20

21. r?—=4sin20. Thus r = £2+/5in28. This is a lemniscate.
r=0atd=08==xx/2 and # =m.

O.

J

Fig. 8.5.21

22, Ifs2 — 4cos36, thenr — Oatd — ﬂ:%, ﬂ% and

5w
+=—. This equation defines two functions of r, namely

r = +2+/cos 3¢, Each contributes 3 leaves to the graph.

r?=4cos 38

Fig. 8.5.22

23, r? = sin38. Thus r = 4+4+/sin 3. This is a lemniscate.
r=0atf =0 +x/3, £2x/3, 7.

v 4

Fig. 8.5.23
24, Ifr=1Iné, then r =0 at & = 1. Note that
. . sin#
¥y =rsinf =Infsind = (@ Ind) (T) — 0

as # — 0+. Therefore, the (negative) x-axis is an asymp-

tote of the curve.
¥ ok

Y

r=In#@

Fig. 8.5.24
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\ Fl6

TN
\/ -
Fig. 8.5.19
] 37 5
20. Ifr=2cos48. thenr =0 al 6 — i%, i%, ﬂ:?’r and
7
:I:?H. (an eight leaf rosette)
W L Y 3
L\‘ \I ‘.'Iﬂ=_é7_
~e. ‘\'..| Ill : .
e N 1 i 7 _Ja=n_
i 5
—— - T
- -7 :; |'I -"-"—_‘
L ‘ |
N | % r=2cos 49
Fig. 85.20

21. r? =4sin20. Thus r = £2+/5in28. This is a lemniscate.
r=0atd=0,8==xm/2, and ¥ = 7.

O.

Wy

Fig. 8.521

23, 1fr2 — Acos30,thenr — Oatd — ﬂ:%, ﬂ% and

Sm
+—. This equation defines two functions of r, namely

r = +2+/cos 38, Each contributes 3 leaves to the graph.

ri=4cos3f

Fig. 8.5.22

23, r = sin39. Thus r = +4/5in 368, This is a lemniscate.
r=0at @ =0, £x/3, £2a/3, 7.

¥

Fig. 8.5.23

24, If r=1In#A, then r =0 at # = 1. Note that
. . sin#
y=rsinfd =Infsind = (#In#) ~ — 0

as & — 04. Therefore, the (negative) x-axis is an asymp-
tote of the curve.

R Y

&

% x

ﬁ

r=Ind

Fig. 8.5.24

25. r=+/3cos#, and r = sin® both pass through the origin,
and so intersect there. Also
sinf = +3cosfl = tanf=+3 = 0= /3,
Both of these give the same point [+/3/2, 7/3].
Intersections: the origin and [+/3/2. w/3].

4m/3.

26, rl=2cos(20). r = 1.
cos(28) =1/2 = O==xma/6orf =L51/6.
Intersections: [1, £m /6] and [1, £57/6].



27.

r=1+cos#, r =3cost. Both curves pass through the
origin, so intersect there. Also

3Jeps = 14cosf = cosf=1/2 = #==m/3
Intersections: the origin and [3/2, £m/3].

28. Letr(f) =¥ and r2(P) = @ + . Although the equation
ri{@) = r2(8) has no solutions, the curves r = r1(#)
and r = r208) can still intersect if rpi(d)) = —r2(82) for
two angles ) and & having the opposite directions in the
polar plane. Observe that #) = —nm and #2 = (n — 1w
are two such angles provided n is any integer. Since

rie) = —nm = —r2(in — Lim),
the curves intersect at any point of the form [amx, 0] or
[am, m].
1 [ @2m?
]. cha:iiﬁ B de = 1 =17

I

a=0 f=2mx

Fig. 8.6.1

Ix

3 .
= —IT~ S(. units.
3 q

6

1 r 93
Area = —[ 6rds = —
2o

0

b

= o

r=~4

Fig. 8.6.2



1 w4
3. Area —4x Ef a’ cos 28 do
0

/4

sin 26 .
= 24° —a’ (. units.

2

0

¥ 4

)
rl=a® cos 260

Fig. 8.6.3

1 w3 1 xf3
4. Area= Ef sin? 3040 = E[ (1 — cos68)dd
0 L]
I 5. units
0 12 ’

1 | /3
L ¥

& 7 A

\ v
| | r=sin 38
Fig. 8.6.4
1 = /8
5. Total area = 16 = —[ cos 49 d@
=8
= f i1+ cos88)de
( sanH) T .
= - =3 5Q. units.




1, 1, )
8. Area=_—ma - +2x = “(1 —sin@)- df
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