CALCULUS Il — EXERCISE SET — 4 — SOLUTIONS
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The distance between (0,0, 0) and (2, —1, =2) is

V22 +(=D2 + (=2)2 = 3 units.

The distance between (—1,—1,—1) and (1,1,1) is

VOED2H 0+ D24+ (1 +1)2 =243 units.

The distance between (1, 1,0) and (0,2, —2) is

VO—12+2—1)2+ (=2-0)2 = V6 units.

The distance between (3,8, —1) and (=2, 3, —6) is

V(=2 =32+ (3 —8)2 + (=6 + 1)2 = 5+/3 units.

a) The shortest distance from (x, v, z) to the xy-plane
is |z| units.

b) The shortest distance from (x, vy, z) to the x-axis is
v/ ¥% +z2 units.

If A=(1,2.3), B=(4,0,5), and C = (3, 6,4), then

|AB| = 324+ (-22 +22 =17
AC| =22 +42 12 =21

|BC| = (=1)2 + 62 + (—1)2 = V/38.

Since |AB|? + |AC|? = 17 + 21 = 38 = |BC|?, the
triangle ABC has a right angle at A.

fFA=2-1,-1),B=(0,1,-2), and C = (1, -3, 1),
then

c=[AB =V (0-22+(1+12+(=2+1)>=3
b=|AC| =V -1+ (B3+ 12+ +1)12=3
a=|BCl=v(1-02+(=3-1)2+(1+2?2 =26

By the Cosine Law,

a*=b2+c* —2bccos LA
26=9+9— 18cosZA
26 — 18

—18

/A =cos! ~ 116.4°.

10.

11.

14.

IfFA=(1.2,3), B=(1,3,4), and C = (0, 3, 3), then

[ABl=v(1=1)2+(3=224+4-32=2
JACI =V (0 -1 +(3-22+(3-32 =2
IBC|=y(0—-12+(3-32+3-42=V2

All three sides being equal, the triangle is equilateral.

IfA = (1,1,0), B=(1,0,1), and C = (0, 1, 1), then
|AB| = |AC| = |BC| = V3.

Thus the triangle ABC is equilateral with sides /2. Its
area is, therefore,

1 [ 1 V3
— 2 [2 —— = ¢ i
2 x V2 x ",2 3 3 Q. units.
The distance from the origin to (1,1,1,...,1) in B" is

V2412412 4. 41 = /7 units.

The point on the xj-axis closest to (1, 1,1,..., 1) is
(1,0,0,...,0). The distance between these points is

V2 +12 412+ +12 = \/n — 1 units.

z =2 is a plane, perpendicular to the z-axis at (0,0, 2).

Fig. 10.1.12

y = —1 is the half-space consisting of all points on the
plane y = —1 (which is perpendicular to the y-axis at

(0, —1,0)) and all points on the same side of that plane
as the origin.

Fig. 10.1.13

z = x is a plane containing the v-axis and making 45°
angles with the positive directions of the x- and z-axes.



Fig. 10.1.14

15. x +y = 1 is a vertical plane (parallel to the z-axis)
passing through the points (1, 0,0) and (0, 1, 0).

Fig. 10.1.15

16. x2+y2+7? = 4 is a sphere centred at the origin and
having radius 2 (i.e., all points at distance 2 from the
origin).

17. x—=D>+(y+2)*+(z—3)? =4 is a sphere of radius 2
with centre at the point (1, =2, 3).

18. x? +y? + 22 = 2z can be rewritten
V-1 =1,

and so it represents a sphere with radius 1 and centre at
(0,0,1). It is tangent to the xy-plane at the origin.

x oyl =2z

0,0,1) |

Fig. 10.1.18

19. y2+z% < 4 represents all points inside and on the circular
cylinder of radius 2 with central axis along the x-axis (a
solid cylinder).

20. x?+z? = 4 is a circular cylindrical surface of radius 2
with axis along the y-axis.

Fig. 10.1.20
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21. z=y" is a “parabolic cylinder” — a surface all of whose
cross-sections in planes perpendicular to the x-axis are
parabolas.
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Fig. 10.1.21

=]
]

7 = 4/x2+ y?I represents every point whose distance
above the xy-plane is not less than its horizontal distance
from the z-axis. It therefore consists of all points inside
and on a circular cone with axis along the positive z-axis,
vertex at the origin, and semi-vertical angle 45°.

Fig. 10.1.22

23, x + 2y + 3z = 6 represents the plane that intersects the
coordinate axes at the three points (6,0, 0), (0, 3,0), and
(0,0,2). Only the part of the plane in the first octant is
shown in the figure.

£ ¥ 6.0.0)

Fig. 10.1.23




I. A=(-12). B=(2,0), C=(1,-3), D=(0.4).
(@) AB =3i—2j  (b) BA = —3i+2j

() AC=2i—5j (d) BD = —2i+4j

@ DA=—i—2j (DAB-BC=4i+j
(g) AC —2AB 4 3CD = —Ti + 20j

(h) %(ﬁ+ﬁ+ﬂﬁ):2i—§'

2, u=i—j
v=j+2k
a) ut+v=i+2k
u—v=i—-2j-2k
2u —3v=2i—-35j— 6k

b) u=vI+1=+v2
|\'|=m=\/’§
C)ﬁ=\%ti—j)
1
V= —(j+2k
v ﬁqu )

d) vev=0—-1+4+0=—1

e) The angle between u and v is

~1 ~ o
cos ﬁ =2 108.4°.
f) The scalar projection of u in the direction of v is
uev —1
v V5
g) The vector projection of v along u is
(veu)u L. .
BT A
3. u=3i+4j-5k
v=73i—4j -5k
a)  u4v=06i—10k
u—v=_,j

2u—3v=-3i4+20j 4+ 5k

b) ul=+O+16+25=5v2
WV =vO+16+25=5V2

R | SR )
S T

d)uev=0—-16+25=18
e) The anigle between u and v is
8

-1 22 o
COs 0 68.9°,

f) The scalar Erojeclion of u in the direction of v is
UeV 1

vV 5V2
g) The vector projection of v along u is

(veuju 9 .
= 5{31 +4j — 5k).

uf?



Ifa=(=1,1), B = (2,5) and C = (10, —1), then
AB = 3i +4j and BC = 8i — 6. Since AB o BC = 0,
therefore, AB L BC. Hence, AABC has a right angle at
B.

ol bl

:Jl

(i—2j+3Kk) x (3i+j—4k) = 5i+ 13j + 7k
(G+2K) x (—i—j+k =3i—2j +k

IfA=1(1,2,0),B8=1(1,0,2),and C = (0,3, 1), then
AB = —2j+2k. AC = —i+j+k, and the area of triangle
ABC is

AB x AC| | —4i—2j — 2k
| ; . ZJ | = /6 sq. units.

A vector perpendicular to the plane containing the three
given points is

(—ai + bj) x (—ai + ck) = bci + acj + abk.
A unit vector in this direction is

bci 4 acj + abk
V2T a2 T +a?ht

]' Ly ] ] Ly ]

The triangle has area ;v“szcz +a’e? +a?b.

A vector perpendicular to i+ j and j+ 2Kk is
H(i4+j) % (j+2k) =£2i - 2j+ k),

which has length 3. A unit vector in that direction is

2. 2. 1

A vector perpendicular to u =2i — j — 2k and to
v =2i —3j + Kk is the cross product

ik
uxv=|2 -1 —2|=-Ti—6j— 4k,
2 -3 1

which has length +/101. A unit vector with positive k
component that is perpenducular to u and v is

-1 1
——uxv=——(Ti+6j+4k).
A 101 A/ 101 )




2. The plane through (0, 2, —3) normal to 4i — j — 2k has

e

EJI

equation
dx -0 —(yv—-2-2z+3) =0,

ordx —y—2z =4

The plane through the origin having normal i — j+ 2k has
equation x — y 42z =0.

The plane passing through (1, 2, 3), parallel to the plane
3x +v—2z = 15, has equation 3z + y— 2z =3+2—6,
or3x+y—-2z=-1

The plane through (1, 1, 0, (2, 0, 2), and (0, 3, 3) has

normal
(i—j+2k)x(i—-2j-3k) =Ti+5j—k
It therefore has equation
Tx—1D+5v—-1—-(z-0=0,

or Ix +5y—z =12

The plane passing through (2,0, 0), (0, 3, 0), and
(0, 0,4) has equation

i+i+£_]
-2 3 4 7

or bx —4y —3z = —-12.

The normal n to a plane through (1. 1, 1) and (2, 0, 3)
must be perpendicular to the vector i — j + 2k joining
these points. If the plane is perpendicular to the plane

x + 2y — 3z = 0, then n must also be perpendicular to
i+ 2j — 3k, the normal to this latter plane. Hence we can
use

n=(i—j+2k)x (i+2j—-3k)=-i+35j+3k
The plane has equation
—(x—D+5y-D+3z—-1 =0,

orx —3y—3z=-T.

Since (—2,0, —1) does not lie on x — 4y + 2z = -5, the
required plane will have an equation of the form

43y —z4+ix—4y+2:45=0
for some A. Thus
—A4+14+4-2-2+5 =0,

so A = 3. The required plane is 5x — 9y + 5z = —15.

A plane through the line x + v = 2. y —z = 3 has
equation of the form

x+y—2+ry—-z-3 =0
This plane will be perpendicular to 2x + 3y +4z =5 if

21 + (1 +2)03) — () =0,

that is, if A = 3. The equation of the required plane is

x+o6y—5z=17.




15.

16.

The line through (1, 2, 3) parallel to 2i — 3j — 4k has
equations given in vector parametric form by

r=(1+20i+2-3nj+ (3 —-4nk,
or in scalar parametric form by
x=1+121,

y=2-31, z=3—4i,

or in standard form by

The line through (—1,0, 1) perpendicular to the plane
2x —y+7z =12 is parallel to the normal vector

2i — j+ 7k to that plane. The equations of the line are,

vector parametric form,

r=(=1+20i—tj+(1+70k,

17.

18.

19.

or in scalar parametric form,

x=—142t, v=—t, z=14+Tt,
or in standard form
x+1 y z-1
2 -1 77

A line parallel to the line with equations
x+2y—z=12, 2x—y+4z=35
is parallel to the vector
(i+2j—k) = (2i —j+4k) =Ti — 6j — k.
Since the line passes through the origin, it has equations

r="Tti —6tj— 5tk (vector parametric)

x=7t, y=-6f z=-5 (scalar parametric)
x y Z
7= =5 (standard form).

A line parallel tox +y = 0andtox —y+2z =0
is parallel to the cross product of the normal vectors to
these two planes, that is, to the vector

(i+j=xi—j+2k)=2(i—j—k).

Since the line passes through (2, —1, —1), its equations
are, in vector parametric form

r=Q2+0i—(1+0j— 1 +0k,
or in scalar parametric form

x=2+1, —(141),

yv=—(1+1, z
or in standard form

x-2=—(yv+1)=—-(z+ 1)

A line making equal angles with the positive directions
of the coordinate axes is parallel to the vector i + j + k.
If the line passes through the point (1, 2, —1), then it has
equations

r=(14+0i+Q2+nj+(-1+0k
x=14+t, y=2+1,
xr—l=y—-2=z+1

(vector parametric)
z=—1+1 (scalar parametric)
(standard form).




r=i+j+rk, ©=t1<1)
v =202 + (202 + (312)2 = 1V 8 + 92

1
Length = f (V'8 +012dr Letu—8+9¢2
0

du = 181 dt
_ 1207 1VIT-16V2
183 |y 27 "

r=ti+r%j+0%k (O=1r=T)

v=1y1+ 2a)2 +9* = /(1 +312)2
if 422 = 6, that is, if + = £/3/2. In this case, the
length of the curve is

T
s(T) = f (1+31dt =T +T2.
0

dr

.
Length —
g fa‘r

1
T (.2
= 4a2t? + b2 + = di units.
| 7

If b2 = f}_ac then
I| (. 2
Length =j; Vf (Qm‘ + ?) dt

_ fl?. (2at +§) di

=a(T? - 1)+cInT units.

dr

. a .
X =acostsint = 5 sin 21,

: a -~
y=a sin? f = E“ — cos 2t),
z=bht.
The curve is a circular helix lying on the cylinder

Its length, fromr=0tor =T, is

T
L= f Valcos?2t +alsin2 2t + b di
0
= T+/'a? + b2 units.
r=tcosti+sintj+ tk, O0=t=2n

v=(cost —fsint)i+ (sinf +rfcost)j+ k

v=v=VI+D)+1=v2+22
The length of the curve is

2w
L=f V24+12dt lett=+2tand
0 dt = 2sec’ods
=2
=12 sec® 8 do
=0

t=2x

= (secﬂtanﬂ + In | secd +lan9|)

=0
Ware  (VIEE o
2 vz Ny

= J‘I\.ffz +472 + In(v{I + 272+ ﬁi‘t) units.

0

The curve is called a conical helix because it is a spiral
. 2 2 2
lying on the cone x~ 4y~ =z-.




19. 1If € is the curve
x=¢€'cost, y=¢é'sint, z=t, (0 <t =2m),

then the length of € is

= [TV (%) (%)

= f_ veX(cost —sint)? + e (sint + cost)? + 1 dt

f V2e2 + 1dr Let 2e% +1 =12
0 2 dt = vdv

t=1m dv =2z 1
f v dv f O+ _ )@
w1 =0 ve—1

=2

=
v —
B +§In‘["+]Dr=0
77 _ 2w
—vze4*f+1—f+ py2e t1-1
¢k”+ +1
I iy _
=~~,e“24|34”+]—J§+1nM
V2e! 0

— V2 11— J§+1n(1,fza4fr Fi1- 1)

— 2 —In(+/3 = 1) units.

20, r=1Yi+17
v = 3% + 21j
v=|v|=+O0r* +412 = 1]V + 4

The length L between f = —1 and t =2 is
0 2
L=f (—)v/ 912 +4dr+f 17912 +4dr.
—1 0

Making the substitution u = 91> + 4 in each integral, we

obtain
I l-’" -1-0 ].l'"ﬁ
L =— ' du + w'du
18 | Js 4

1 ; ,
-~ (13“‘ L4032 _ 16) units.

13




fad

r=ri— 2% + 3k
v=1i—4j+9k
v=1+y/1+ 162 + 8114
poy_ -4+
v V141602 + 8164

r = asinwti+ acos wik
v =awcoswii—awsinwik, v = |aw|

T= sgn{awj[ccrs il — sin af k].

r = cosfsinfi + sin’ f + costk

1 1
= —sin 2fi + 5“ —cos 2t)j +costk

2
v = cos 2fi + sin 2fj — sintk
—
v=|v|]=+1+4sin"t
1

T= (ccrs 21+ sin 2t — sinr‘l-;).

V1 +sint
r=acosfi+bsintj+rk

v=—asinfi+ bcostj+k

v=+alsin2t +b2cos2t + 1
v —asinfi+ bcostj+k

FoYo |
v Jalsin2t +bIcosit 4+ 1




