CALCULUS Il — EXERCISE SET — 7 — SOLUTIONS

1. First we observe that f(x, y) = x’y’ must have a max-
imum value on the line x + v = 8 because if x — —oc
then ¥ — oo and if x — o0 then v — —oc. In either
case f(x,y) = —oo.

Let I = x'y + A(x + y — 8). For CPs of L:

al.
0= =3.‘l’2\'5+}1.
dax -
al.
0= =5y 4+ A
ay ’
al
l=—=x+v—&
di :

The first two equations give 3xr2y" = Sxy4, so that ei-
therx =0ory=00or 3y =3x. If x =0 or y = 0 then
flx.v)=0. f3y=5r.then s+ 3r =8, so Bx = 4
and x = 3. Then y = 5, and fix,y) = ¥'5 = 84, 375.
This is the maximum value of [ on the line.

4. Let fix,v,z) =x+ vy —z, and define the Lagrangian
L=x+y—z+ix*+¥?+22-1).

Solutions to the constrained problem will be found
among the ertical points of L. To find these we have

aL
0= =1+2kr,
ax
aL
=— =1+ 2Ly,
aL
0=—=—-1+4+724z,
G
aL
=—=x'+y+22 L
ai :
Therefore 2ix =2ay = —2iz. Either A =0 or
x =y =—z. L = 0is not possible. (It implies 0 = 1
from the first equation.) From x = v = —z we obtain
l .
1 =x2+ ¥ +:2 =32 sox = +£—_ L has critical

. 1 1 1 1 1 1
poins (2. 75— ) wd (=5~ 75 75)
At the first f = +/3, which is the maximum value of
f on the sphere; at the second f = —+/3, which is the
minimum value.

5. The distance D from (2, 1, —2) to (x.v,z) is given by

P=x-2"+uy-0+z+2~



We can extremize D) by extremizing D*. If (x.y,z) lies
on the sphere x2+y2+z2 = 1, we should look for critical
points of the Lagrangian

L=x-2+(— 1P+ @+22+aa2+y2 +22— 1)

Thus
D:E:E{x—2]+l¢x X = 2
ix 1+4
al |
0=—=2(v—1)+2 = —
iy B ey =y L+
al -2
0= — =Xz +21V+ 2z =
32 z+2)+2z & T
D:i:_ﬂ_’?-i—‘ul-i—zz—].
di ’

Substituting the solutions of the first three equations into
the fourth, we obtain

1
~d+1+4=1
[]+”{++1

{l+s.)2=9
1+ 4 =43

Thus we must c-:nnsider the two points P = (%, 3, —%),
and 0 = [—]_-. } for giving extreme values for [
AP D=2, AtQ = 4. Thus the reateslzl.nd]easl
distances from (2, 1, —2) to the sphere x* + v + 2" =1
are 4 units and 2 units respectively.

Let L = x2+ y2+ 72 + a(xyz? — 2). For critical points:

aL

D=_"Z=2x+Aiyzt & —Axyzi=2?
ax : ’

0=— =2y +ixzl & —iryzi=72"
ay - - .
al 3

0= == 22+ xyz & —hnyvit=1
aL .

=— =xy:"— 2L

an

From the first three equations, x* = ¥ and 27 = 2x°.
The fourth Eguau'{m then gives x2y24z4 =4, or 2% = L.
Thus x* =y =l and > = 2.

The shortest distance from the origin to the surface

I}':-_'I =2is
1+ 1+ 2=2 units.

We want to minimize V = Amabe subject to the con-
straint “]I + — o + qu = 1. Note that abc cannot be zero.
Let

L_dxﬂbf: ‘(] 4 l 1)
-3 A ui+b3+c3 ’

For critical points of L:

_aL  Ambe B 25 - lmabc X

T e 3 & 3 4t

_ aL - drac  BA o Imabe - 45

T ak - 3 B 3 b

0= 8L _ dmab B 2h - Imabc _ A

I c? 3 2
aL 1 4 |

=—=—=+=+—=—-1L
T ui+b3+£3

abc £ 0 implies 4 # 0, and so we must have
d_os 11
al " BT 2T W

soa =243 b=2£2J3, and c = £3.

Let L =x*+y? + 432" + 2xy + 3y* — 16). We have

aL
G_.ﬂ =2x +6hr+2ay (Al
0= ZL—21'+E|J.1'+2J.I (B)
¥

Multiplying (A) by v and (#) by x and subtracting we
et

Iyt —xh =0.
Thus, either L =0, or y =x, or y = —x.
4 =0 is not possible, since it implies x = 0 and y =10,
and the point {0, ) does not lie on the given ellipse.
If v = x, then 8x’ =16, s0 x =y=3V2
If y=—x. then 4x2 = 16, so x = —y = £2.
The points on the ellipse nearest the origin are (+2, v2)
and (—+/2, —+/2). The points farthest from the origin are
(2, =2y and (-2, 2). The major axis of the ellipse lies
along y = —x and has length 44/2. The minor axis lies
along ¥ = x and has length 4.

Let I = xyz + aix? + y* + 22 — 12). For CPs of L:

0=2L _y i A)
ax
alL
a—_.rz-l-ii}' {E]
al

{I_a—_x}‘+2.lz {C}
al .,

0=—=x"+y +2"— 12 (1
Eu. :

Multiplying equations (A), (B), and (C) by x, v, and z,
resPeme]_}r and subrtracung in pairs, we CDI.'I.Clle.E that
ax® = ay? = izl so that either A = 0 or x% = y? = 72
If =0, then EM implies that vz = 0. so xyz = 0. If
x? = y? = z2, then (D) gives 3x? = 12,50 x% = 4.
We obtain eight points (x, v, z) where each coordinate is
either 2 or —=2. At four of these points xvz =8, which is
the maximum value of rvz on the sphere. At the other
four xvz = —8&, which is the minimum value.



10. Let L = x+ 2y — 3z + A(x® + 4y + 9% — 108). For CPs

of L:

0=2E 1o (A)
ax
alL

i]=—=2+E‘..i.1.l {H}
iy :
alL

ﬂ:aT:—3+lEl{ {C]
al .

0=—= = x4+ 4y> + 97> — 108. (D)
e

From (A), (B), and (C),

L=

1 2 3

BT T T

so x = 2y = —3z. From (D)

2 2
2 4(1) a(x_) — 108
4 )0 '

so x” = 36, and x = +6. There are two CPs: (6,3, —2)
and (—6, —3, ). At the first, x 4+ 2y — 3z = I8, the
maximum value, and at the second, x + 2y — 3z = —18§,
the minimum value.




