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These slides! are based mainly on the textbooks:

J. W. Brown and R. V. Churchill, Complex Variables and
Applications, Sixth Edition, McGrawHill

S. L. Ross, Differential Equations, 3rd Edition, Wiley
Some old exam questions and their solutions are available on DYS.

You may prepare and bring an A4 size formula sheet to the exams.
You may bring a calculator to the exams.

These slides are intended for educational use only; not for sale under any
circumstances.

A. Karamancioglu Advanced Calculus



A fact: | always post the solution key on DYS in few minutes after
| announce the midterm grades.

FAQ Can | see my graded exam paper?

Ans. Yes, but not before the first lecture following the exam. In
that lecture | announce the times when you can see your exam
paper.
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Definition

A complex number z is an ordered pair z = (x, y) of real numbers
x and y with operations of addition and multiplication.

Identify the pairs (x,0) with real numbers x.
.". Complex numbers include the real numbers as a subset.

Complex numbers of the form (0, y) are called imaginary numbers.
In z = (x,y), x is known as the real part and y is known as the
imaginary part of z.

Related functions:
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Let z1 = (x1,y1) and zo = (x2, y2). Define:
(x1,y1) + (x2,52) = (x1 + X2, 1+ y2)

(Xl,Y1)(X2,Y2) = (X1X2 —yiye, yixe + X1Y2)

Note that
(x,¥) = (x,0) +(0,1)(y,0) (1)

Let x denote (x,0) and let i denote the pure imaginary number
(0,1) we can rewrite (1) as

(x,y) =x+ly (2)
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Note that
> =1(0,1)(0,1) = (-1,0) = -1

In view of expression (2) addition and multiplication can be written
as
(x1+iy1) + (2 + iy2) = (a + x2) + i) + y2)

(x1 + iy1)(x2 + iy2) = (x1x2 — y1y2) + i(y1x2 + x1)2)

Note that
(x,¥)(a,0) = (ax, ay)

(a,0)(x,y) = (ax, ay)

We therefore define
a(x,y) = (ax, ay)

(x,y)a = (ax, ay)
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Algebraic Properties

Commutative laws:
AN tznn=2+z1, 2122=2271
Associative laws:
(n+2)+n=0+(+23), (2120)z3=2z1(2023)
Distributive law:
21(22 + 23) = Z120 + 2123

The additive identity 0 = (0,0) and multiplicative identity
1 =(1,0) satisfy

z+0=z and z-1==z

for each complex number z
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Additive inverse of z is (—z). Thatis z + (—z) = 0.
Multiplicative inverse z~1 of z can be computed as

zz7t=1
Let z = (x,y) and z7! = (u, v); then
(oy) () = 1
(xu — yv,yu+ xv) = (1,0)

— (xu—yv)=1 and (yu+xv)=0

X -y
:77 V —= ——
X2—|—y2 X2+y2

The multiplicative inverse of z = (x, y) is, then,

Sl X -y
X2 +y2 ’X2 _|_y2
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If a product z1z is zero, then so is at least one of the factors z;
and z.

For the matrices A and B, the product AB = 0 does not imply
A=0or B=0. For instance,

oolloe]=[oc]
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Suppose that z;zo = 0 and z; # 0. We will show that zo = 0. The
inverse z; * exists, and according to the definition of

multiplication, any complex number times zero is zero. Hence

22:1‘22:(21_1 =

0

71)z0 = 21_1(2122) = 21_1 -0
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Division by a nonzero complex number is defined as:

Z]_ —1
— =717,
22

If z1 = (Xl,yl) and z = (Xg,yz) then

1 X1X2 +y1y2 yixo — x1y2
- = > ) 5 ) ) y 22 7£ 0
) X5 + Y5 X5 + Y5

The quotient z; /2 is not defined when z, =0
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Useful Identities

A. Karamancioglu Advanced Calculus



A. Karamancioglu Advanced Calculus



Exercises

1) Verify that

a) (V2—1i)—i(1—+v2i)=-2i

b) (2,-3)(-2,1) = (-1,8)

2) Verify that each of the two numbers z = 1 F / satisfies the
equation z2 =2z +2 =10

3) Solve the equation z2 + z + 1 = 0 for z = (x, y) by writing

(x,¥)(x ¥) + (x,y) +(1,0) = (0,0)

and then solving a pair of simultaneous equation in x and y.
1 3
Ans. z = (—§,$%)
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Geometric Interpretation

View z = x + iy as a point whose cartesian coordinates (x, y).
Example: The number —2 + / is represented by the point (—2,1).
The number z can also be thought of as a vector from the origin
to the point (x, y).

The xy plane may be called the complex plane, or the z plane.
The x axis is called the real axis, the y axis is called the imaginary
axis.

21

2

! | i | | j
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u+v=(1+2i)+ (3+2i) yields 4 4 4i; and
v—u=(2+2i)—(1+3i)yields 1 —i.
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The modulus or absolute value of a complex number z = x + iy is
defined as the nonnegative real number \/x2 + y2 and is denoted

by |z|; that is
ol = V4 2

Geometrically the number |z| is the distance between the point

(x,y) and the origin.

|z1 — 22| = /(x1 — x2)2 + (y1 — y2)? is the distance between z
and z.
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Im (1.4)
4

" (3.1) Re

l71=2] = \/(Xl —x)?+(n )= \/(1 324 (4-1)2 =13
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Representing Circle in the Complex Plane

The points lying on the circle with center zy and radius R satisfy
the equation |z — z| = R.
Note that

(i) = (o+ivo) | = |(x—x0) +i(y—y0)| = 1/ (x = 30)2 + (v — yo)2 = R

Example

The points z satisfying equation |z — 1 + 3/| = 2 represents the
circle whose center is zp = (1, —3) and whose radius R = 2. The
equation may be written as [z — (1 — 3/)| = 2.

Gt iy) = (1-30)] = x—14i(y+3)] = (x — 1) + (v +3)2 =2
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Complex Conjugate

The complex conjugate of z = x + iy is the complex number
x — iy and is denoted by Zz; that is

Z=x—ly
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Useful Identities

NI
I
N
N
+
QS
|
N
+
Ny
N
Y
I
i
N

Z1 |Zl| z+z
|2122’:|Z]-HZ2|7 | = 77> Rez =
|22 2
Imz=——, Rez < |7
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Triangle Inequality

|21 + 22| < |z1] + | 2| (3)
Proof

|21 + 22‘2 = (Zl + 22)(21 + 22) = (21 + 22)(71+72)

=211 + (2122 + 2071) + 202

But 2120 + 271 = 2122 + 2125 = 2 Re(z212) < 2|z125| =
2|z1|[z2] = 2|z1]| |

and so |z1 + 2| < |z1|? + 2|z1]| 22| + |z|?

or |z + 2)* < (Jz1] + |2])?

Since moduli are nonnegative the inequality (3) follows.
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Generalization of the triangle inequality

|zt + 22+ .. 4 zp| < z1| + [22] + ..+ |2
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Exercises

1. Show that (2+ /)2 =3 —4i
2. Show that [(2z + 5)(v2 — i)| = V3 |2z + 5|
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Polar Form

Let z = x + iy be a complex number. Its polar representation is:
z=r(cosf + isinf),

where r is the modulus of z and 8 is the argument of z. Modulus
is not allowed to be negative. The argument is always in radians!!!

We have
r=+/x2+y2>0

and @ is any angle such that

cosf= —2 % SiHQZL_% (4)

The argument of z is not defined when z = 0; equivalently, when
r=20.
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Figure: Polar form illustrations

r=v482+32=,25=5
cosf = % and sinf = %; — 0 = 0.643 radians.
s.r=>5andarg z= {0643+ 2kr: k=0,%1,...}
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Figure: Polar form illustrations

Notice that arg function generates radians, within the current
framework; you cannot say arg z = 36.86 degrees!!!
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Figure: Polar form illustrations

Rez=rcosf, Imz=rsinf, (4)

If 6 satisfies (4) then so do 6 + 2k7 (k =0,F1,F2,...).
.. (4) does not determine a unique value of argument z.

Note that r = /x2 4+ y2 = |z| = VzZ



Arg z: Principal value of the argument

If 0 is restricted to the interval —7w < 6 < 7, then there is a unique
value of # that satisfies (4).
Called the principal value of the argument and denoted by Arg z.

If z=x+ iy, then

sin(Argz) = Ea

—m < Argz<m, cos(Argz)= X i

2|
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The set of all values of the argument will be denoted by
argz ={0+2kn: k=0,F1,F2,...}
where 6 is any angle that satisfies (4). In particular we have
argz ={Argz +2km : k=0,F1,F2,...}

Unlike Arg z, which is single valued, arg z is multivalued or set
valued.
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Find the modulus, argument, principal value of the argument, and
polar form of the given number.
a)z1=5 b) z, = —3i c) zz=+3+i
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Continued from the previous page

a) r=|z1| =5, an argument of z; is 0. Thus
argzy = {2km : k=0,F1,F2,...}

Since 0 is in interval (—m, 7] , Arg z; = 0. The polar
representation is
5 =5(cos0 + isin0)
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Continued from the previous page

b)

r=lznl=[-3i=3,
37
arg22:{7+2k7r:k:0,:F1,2F2,...}

Arg zo = = ; it is the element of arg z that lies in (—7 ,7].

. 37 .. 3w —T . —1Tr
—-3/i=3 (cos2 + /sin 2> =3 (cos (2) + isin <2>)
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Continued from the previous page

r=lz|=V3+i=v3+1=2
V3 y 1

> and sm¢9:7:§ — 0=

X
cosf = —
p

ol

arg zz = {%+2k7r ck=0,F1,F2,...}

\/§—|—i:2<cos%+isin%)
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Arithmetic in Polar Form

Let
z1 = ri(cos B + isinf1) and zo = ry(cos b + isinby)

7120 = r1(cos 61 + isin 1) ra(cos Bz + isin 6)
= ryra[(cos 01 cos B — sin 61 sin Bz) + i(sin 61 cos O3 + cos 01 sin 67)]
= rirfcos(f1 + 62) + isin(61 + 62)]
Thus:

arg (z1z2) = 61+6, = arg 1 t+arg zp = {61+6+2km : k =0,F1,F2,...}

|z122| = |z1]| 2]
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When we multiply two complex numbers in polar form, we multiply
their moduli and add their arguments.

Inverse of z = r(cos@ + isinf) is
4 1 .. 1 ..
z = ;(cos(—@) + isin(—0)) = ;(cos@ —isinf)
Because it satisfies zz~1 = 1.
When z; = ri(cosy + isinf1) and zo = ra(cos b + isiny):
z1 N

— = —[cos(01 — B2) + isin(61 — 62)]

22 rn
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.. 5 .. 5
Let 21:3(COS%+ISIH%) and 22:2<cosﬂ—|—lsm7r)

6 6
_ 5.3 T2 bisin (T4 28
Z120 = cos 7 6 1Sl 7 6
=6 cosl?’—7r—i-isin13—7T
a 12 12
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z1=5 [cos (34 ) + isin (T)] y 2=2 [COS <%> el <g>]

> <COSE—|—ISIHE> :§ <ﬁ+/ﬁ>

) 4
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Exponential Form

i0

e = cos+isinf — z=re

Euler’s formula

Some identities:

2120 = ol (01102)
1 .
1 7e/(—0)
r

4 n ie,—
_— = — 61(91 02) s Z2 75 0
22 rn

The circle |z — zp| = R, whose center is zg and whose radius is R
has the parametric representation

z=z+Re? 0<b#<or
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0
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2

z
5.0000 + 2.00001
4.9900 + 2.1997/
4.9601 + 2.3973/
4.9107 + 2.5910/
4.8421 + 2.7788i
4.7552 + 2.9589/
4.6507 + 3.1293/
4.5297 + 3.2884i
4.3934 + 3.4347
4.2432 + 3.5667i
4.0806 + 3.6829i
3.9072 4 3.7824i
3.7247 + 3.8641i

{z:3+2i+2e’9: ogegw}

v
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Continued from the previous page

0 z

0 5.0000 + 2.0000i
1.3 3.5350 + 3.9271/
1.4 3.3399 + 3.9709/

3.1 1.0017 + 2.0832/
3.2 1.0034 + 1.8833i
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Continued from previous page
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Powers and Roots

0

Integral powers of a nonzero complex number z = re'” are given by

Z2"=r"e" p=2,3, ...

De Moivre's Formula

(€)™ = e — (cosB+isinB)" = cos(nf)+isin(nf) n=2,3,...
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Example

Let us solve the equation
=1

Write z = re'? and look for values of r and 6 such that
(re"‘9)6 =1

or
/60i60 _ 1 gi(0+2km)

=1 and 60=0+2kr, k=0,=+1,...

Consequently r =1 and § = 2kx /6 and it follows that the complex
numbers .
z=e€"s , k=0,%1,...

are 6-th roots of unity.
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Continued from the previous page
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Figure: Roots of z6 =1

z" = 1 has n distinct roots.
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Find all values of (—8)3. Let z = (—8i)3 It is equivalent to solving
23 = —8i. Or (re®)3 = 8e/(Z 2k | =0, +1,.... Thatis,

e = gl +2km)  p—0 41, ...

r® =8 and 30:_7”+2k7r, k=0,+1,...

The roots are zx = 2e(F+55) , k=0,%£1,...
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Exercises

1) Find one value of arg z when

-2 i 6
a)z—m b) 5 _o; c) (V3—1i)
2) By writing the individual factors on the left in exponential form,
performing the needed operations, and finally changing back to
cartesian coordinates, show that
a) i(1 -3 (V34 1) =2(14+3i)
b) 5i/(2+i)=142i
c) (—1+i)" =—-8(1+1)
d) (14 v3i)710 =2711(—1 4+ /3))
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3) In each case find all the roots in cartesian form, exhibit them
geometrically

a) (2i)'/2 b) (—1 — V/3i)/? ¢) (~16)/4

4) Find the four roots of the equation z* + 4 = 0 and use them to
factor z* + 4 into quadratic factors with real coefficients.
Ans. (22 +2z +2)(z° — 2z + 2)
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Regions in the Complex Plane

€ neighborhood of a given point zy is defined as the set of points
satisfying |z — zp| < &. It consists of all points z lying inside but
not on a circle centered at zy and with a specified radius ¢.
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A point zg is said to be an interior point of a set S whenever
there is some neighborhood of zy that contains only points of S; it
is called an exterior point of S when there exists a neighborhood
of it containing no points of S. If zy is neither of these, it is a
boundary point of S. A boundary point is therefore a point all of
whose neighborhoods contain points in S and points not in 5. The
totality of all boundary points is called the boundary of S.

exterior point
'21 houndary point
Zy

interior point
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A set is open if it contains none of its boundary points.
Consequently a set is open iff each of its points is an interior point.
A set is closed if it contains all its boundary points; and the
closure S of S is the closed set consisting of all points in S
together with the boundary of S.

open set neither open nor closed set
P Closed set P
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|z| <1 open set

|z] <1 closed set

0< |zl <1 neither open nor closed set
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Connected set

An open set S is connected if each pair of points z; and z in it
can be joined by a polygonal path, consisting of a finite number of
line segments joined end to end, that lies entirely in S.
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The annulus 1 < |z| < 2 is open and connected.

Im

Re
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An open set that is connected is called a domain. A domain
together with some, none, or all of its boundary points is referred
to as a region.

A set S is bounded if every point of S lies inside some circle

|z| = R,

otherwise it is unbounded.

{x+iy: 1<x<2,0<y<3}is bounded
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{141i,2+2i,3+3i,...} is unbounded

Im

Unbounded; because no circle can contain the set above.
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A point zy is said to be an accumulation point of a set S if each
neighborhood of z, contains at least one point of S distinct from
zg. It follows that if a set S is closed, then it contains each of its
accumulation points. Converse is also true.

Informally, accumulation points of a set (or sequence) are points
where there are infinitely many other points of the set (or
sequence) "nearby.”
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Example

If you take any interval (a,b) of real (or rational) numbers, EVERY
point in [a,b] is an accumulation point. If you take the integers as
a subset of the real (or rational) numbers, NO point is an
accumulation point.

If you take the set S={J—1: Je Z ne N}, then the
accumulation points are exactly the integers.

The sequence {2 : n € N} has one accumulation point, namely 0.

v
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Exercises

1) Sketch the following sets and determine which are both open
and connected (and therefore domains):

a)lz—2+4+1i <1 b) 2z + 3| > 4 c) Imz>1

d)imz=1 e)0<argz<w/4 (z#0) f) |z—4| > |z
g) 0 < |z—2zy| < & where z is a fixed point and ¢ is a positive number.

Ans. b) c) & g) are domains.
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2) Which set in Exercise 1 is neither open nor closed?

Ans. e)

3) Which sets in Exercise 1 are bounded? Ans. a) and g)
4) Determine the accumulation points of each of the following sets.
a)z,=i", n=12,...

b) z,=i"/n, n=12...

c)0<argz<mw/2, z#0

d) z,=(-1)"(1+i)(n—1)/n, n=1,2,...

Ans. a) none b) 0 d)£(1+1)

5) Sketch a) |z| > 0, b) |z] <00, ¢) 0< |z] <0 d)]l < |z]| <2
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Plotting Complex Functions

Lets plot the function y = x2.
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We never do this way because in the past, Descartes thought about
placing the y axis vertically, and plotting as we already know:
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There is no method comparable to Descartes’s procedure for
plotting complex functions. Instead, plotting in this case is done
analogously to the way we plotted y = x? using two horizontal
axes and pieces of string to show the correspondence.
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Let w = z?, where z = x + iy and w = u + iv.

—sutiv=(x+iy)>=x>—y>+i2xy

The component functions are: u = x> — y?, v = 2xy.
Example: z=2—-i —>w=3—-4i
r)’ v
X u
@ ——
\i,-‘)
r
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\‘i"‘)

v

Image of (2, —1) under the mapping/transformation /function
w = z?is (3,—4).

w = z2 transforms/maps (2, —1) to (3, —4).

For the input (2, —1) the function w = z? outputs (3, —4).
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Terminology

Function, mapping, transformation, image, input, output
f(x) = x?: real-valued function of a real variable

f(x) = x 4 i6x: complex-valued function of a real variable
f(z) = x + ix: complex-valued function of a complex variable
f(z) = x?> 4+ y?: real-valued function of a complex variable
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w=z+1+i
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Example

Let us show that, under the transformation

1

the image of the shaded region on the left is the shaded upper half
plane shown on the right.
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Boundary in the z plane maps to boundary in the w plane
Image of x + /0 when x > 1. w =x+ % it is positive and
increasing, starts from 2 and goes to oc.

when x < —1: w = x+ % negative and decreases as x decreases,

starts from —2 and goes to —o0.

w plane

/_/ )

z plane

A J

t

“‘--.L,_‘___1\HJ-2 2
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Image of the upper half of the circle |z] =1 (or
z=¢€?, 0<0<m)

w=e?+ — = e + e % =2cosf , it is real
e
Recall that
e = cos +ising, e =cos —isinf — e + e % =2cosh
As 0 varies from 0 to , the image varies from 2 to —2.

w plane
z plane

z+1iz

< | >
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Let's check images of larger semicircles (i.e. , z = re’® with r > 1
and 0<60<mn)
—if

. 1
w=re + — —re? 1 Ze
r

refit
1
= r(cosf + isinf) + ;(cos@ —isinf) = acosf + ibsin
1

1
wherea=r+—-; b=r——
r r

Real and imaginary components of w are
u=acosfl; v=bsind.

(5) () -

This represents an ellipse with foci at the points

+va2 — b2 = \/(r+ r—%)2—j:2

Definition: Ellipse is the set of all points for which the sum of the
distance to two fixed points (called foci) is constant.
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We can repeat this for all possible upper semicircles with radius
> 1. Their images will cover the upper w-plane.




Limits of Complex Valued Functions

Preliminaries (Two variable real valued function's limit) Let f be
defined on the interior of a circle centered at the point (a, b)
except possibly at (a, b) itself.

Function f is defined in the shaded region (neighborhood of
(a, b)); its values are real.
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If (x,y) gets closer to (a, b), what happens to the values of
f(x,y)?

Does it approach some fixed L value.

If the answer is yes then we say that "limit of f as (x,y)
approaches (a, b) is L.

Formal definition is as follows:
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We say that
lim f(x,y)=1L
(x.y)—(a,b) ()
if for every € > 0 there exists 6 > 0 such that |f(x,y) — L| <€
whenever 0 < \/(x — a)2+ (y — b)2 < 6

Le L L+e
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An Interpretation

Recall the right limit and left limit of the real calculus.

If approaching tg from right and left gives the same limit value,
then we say that the real function has a limit at t.

In two variable functions we have more than two directions to
approach. Approaching from all possible directions must give the

same limit value.

Particularly, approaching from two specific directions, from the
right and from the top, must give the same limit value.

This can be implemented by first setting y = b and taking the
limit wrt x, then setting x = a and taking the limit wrt y.
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Example

\<|

m
(xy)—(1,0) X + Yy — 1

First consider the vertical line path along the line x = 1 we have

im —2 —imil=1
(1y)»101l+y—1 y-0

Consider the horizontal line y = 0 and compute the limit as x
approaches 1.

lim L =1lim0=0
(010 x+0—-1 x—1

Since approaching from two different directions results in two
different values; there is no limit.

End of the Preliminaries
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Complex functions’ limit

lim f(z)=L or f(z)—>Lasz— 2z
Z—Z)
if given any € > 0, there exists a § > 0 such that
|f(z) — L| <e whenever 0<|z—2|<? (6)

If the limit of a function exists at a point, then it is unique.
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Note that, |f(z) — L| is the distance between f(z) and L.

If the distance between f(z) and L tends to zero as z tends to z,
then we say the function f has limit L as z — z,.

Thus

lim f(z) =L if and only if Ii_>m f(z)—L|=0
z—20

zZ—2Z)
Note that the value of f at zy is immaterial, and need not even be

defined at zj.

Recall the deleted neighborhood concept in the real calculus. We
check the right limit and the left limit, but we don't check
functions value at ty.
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Numerical verification of a limit value

If all the f(z) values in a sufficiently small deleted neighborhood
are not close to each other, then the function does not have limit
at z.

If the limit exists at zy and if we take two points very close to zy

then at these points the function’s values must be very close to
each other.
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i iz i
m— ==
zl—>1 2 2
iz il |i(z=1) JJz=1]  |z—-1]
)= 1 =| 5 - 5| = [R5 il =
Hence ’f(z) - ‘ <& whenever 0<|z—1|<2¢
Im
" iz/2 g)
m Re Re
N
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Given a complex-valued function f(z) = u(x,y) + i v(x,y) and
complex numbers L = a+ ib, zy = xp + iyp, then

lim f(z) = L <

zZ— 2y

lim u(x,y)=a and lim v(ix,y)=b
(X’y)%(XO’}/O) ( y) (X,y)%(Xo,yo) ( y)
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Suppose lim,_,,, f(z) and lim,_,,, g(z) both exist and ci, ¢, are
complex constants. Then:

Jim [c1 f(2) + c2g(2)] = a1 Jim £(2) + &2 Jim g(2)

Z—Z)

lim [f(2)g(2)] = lim f(z)- lim g(z)

Z— 2y zZ— 2y Z— 2y
f lim,_,, f . )
lim (2) = U (2) , provided lim g(z) #0
A (@) = e 8(2) A,
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(i) Suppose that f(z) — 0 as z — zp and |g(z)| < |f(z)| in a
deleted neighborhood of zy. Then g(z) — 0 as z — z.

(ii) Suppose that f(z) — 0 as z — zy and g(z) is bounded in a
deleted neighborhood of zy. Then f(z)g(z) — 0 as z — z.
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Example

i

Evaluate lim,_,0 yeﬁ. Let f(z) =y and g(z) = eFl. As
z — 0, f(z) — 0. Also, for z # 0, since ﬁ is a purely real number,

\eléj| = 1. Thus we can apply Theorem 3-ii and conclude that

lim ye\IT\ =0

z—0

Recall that for a real x:

\eiX| = |cosx + isinx| = \/m: 1
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lim,_0z =0; lim,_0z = 0; lim,_0x =0; lim,_oy =0

Suppose that lim,_,; f(z) =2+ i and lim,_,; g(z) =3 — i. Find

L= lim [(f(z))2 L B+De()

Z— V4

Solution:
L= lim (f(2))® + lim(3 + /)

z—1 zZ—r1

- (i) oo st

lim,_,; z

g(z)

:(2+i)2+(3+i)37i

=3—06i
v
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Continuous Functions

Suppose f is defined in a neighborhood of zy. We say that f is
continuous at the point zp if lim,_,, f(z) exists and equals f(zp).
We say f is continuous on a set S if it is continuous at every point
inS
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Properties of Continuous Functions

If f and g are continuous at zp, and ¢, ¢ are complex constants,
then the following functions are continuous at zp.

f'
af+og, f-g, g provided g(z) #0

If g is continuous at zg and f is continuous at g(z), then the
composition h = f(g) is continuous at z.

The function f = u 4+ iv is continuous at zg = xg + iy if and only
if uand v are continuous at (xo, ¥o)-
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Removable discontinuities

z—1i : z—1i ; 1 1 1,
im —— =Ilim —— = lim = =
zi 2241 zoi(z—i)(z4+10) zoiz4i 2 2

We can make the function continuous by redefining the function
f(z) = %77 at i. f(i) = —i/2 makes the function continuous at /.
Originally the function f was discontinuous at /, however we made
it continuous by redefining the function at this point. The newly
defined function is:

2= forz#i
f — 2241
(2) { —i/2 forz=i

The function above is continuous. In the formation of this, we
removed the discontinuity at z = /. This discontinuity is called a
removable discontinuity.
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The Nonremovable Discontinuities of Arg z

Example

The principal branch of the argu-
ment Arg z takes the value of the Yy
argument z that is in the interval

—7m < Argz < 7. It is not defined

at z = 0 and hence Arg z is not con- X
tinuous at z = 0. We will show that 0 ™~

z = 0 is not a removable disconti-
nuity by showing that lim,_gArgz
does not exist. Indeed if z=x >0
then Arg z =0 so lim,—, o Argz = y
0, where the down-arrow denotes
the limit from the right. However, if X
|Z-—X<O' the_nArgz—ﬂar?dso })—0—
im,—,10 Arg z = m. By the unique-
ness of the limit, we conclude that

lim,_.q Arg z does not exist.
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Derivatives of Complex Functions-Definition

Let f be defined on a neighborhood of zy. If

i f2)— flz)

zZ—Zy Z — ZO

exists, then f is said to be differentiable at the point z, and the
number p p
Z—Z) Z — ZO
is called derivative of f at z.
We can also define the derivative as

) f(z0 + Az) — f(z)
/ —
filz0) = Jim Az
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Suppose that f(z) = z2. At any point z

. + Az)? — z?
Fla) = lim 2 =
(20) A;rgo Az

lim (2 Az) =2
AL'HO( 70+ 4Az) =22

A numerical verification
Notice that when z5 = 2 + i we have:
(zoJrAz)Zfzo2
Az
(zoJrAz)Zfzo2
Az

= 4.0001 + 2.0000/
Az=0.0001

= 4.0000 + 2.0001/
£z=0.0001/ _ .
These results are very close to 2zg = 2(2 4 i) = 4 + 2i.
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|20 + Az|? — |z0|?
@) =l = Flzo) = Jim Az

_ i (20 + Az)(Z0 + Az) — 2020
Az—0 Az

Az
= \im Z+ Az + 205 (7)
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Continued from the previous page

At zg = 2 + i we have

_ Az
T+ Bz + 292 — 4.0001
Z10.0001
S Az
T+ Bz + 29— — —2.0001/
Az g 0001

In the neighborhood of zg = 2 4 i we obtained two nonmatching
results. This shows that there is no derivative at zg = 2 + i. Below,
we will show analytically that there is no derivative when zg # 0.
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Continued from the previous page

@) = fim %+ B2 +a

At zp = 0, (7) reduces to f'(0) = lima,_0 Az = 0. So, the
derivative exists at zp = 0, and it is equal to O.
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Continued from the previous page

’ A— Az

f(z0) = Aléﬂozo + Az + 207
If the limit exists when zy # 0 that limit may be found by letting
the variable Az = Ax + iAy approach 0 in any manner. In
particular, when Az approaches 0 through real values
Az = Ax + i0 we may write Az = Az. Hence if the limit exists
its value must be zy + zp. However when Az approaches 0 through
the pure imaginary values Az = 0 + iAy so that Az = —Az, the
limit is found to be zy — zy. Since a limit is unique, it follows that
Z0 + 29 = Zg — zp or zg = 0. So the derivative exists only at zg = 0.

Ay Ay
E E AX AX
0 ﬂ‘




This example shows that a function can be differentiable at a
certain point but nowhere else.

Note that f(z) = |z|? = x*+y® — u(x,y) = x*+y?; v(x,y)=0

The function f(z) = |z|? is continuous at each point in the plane
since its components are continuous at each point. So the
continuity of a function at a point does not imply the existence of
a derivative there. It is however true that the existence of the
derivative of a function at a point implies the continuity of the
function at that point.
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Let ¢ be a complex constant, and let f be a function whose
derivative exists at a point z.

d d

d /
EC—O, Ez-l, E[cf]—cf

If the derivatives of two functions f and F exist at a point zy, then

i(f+F): '+ F'

dz

d
Iz

and when F(z) # 0

(F-F)=F -F+F -f
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If nis a positive integer %z” =nz"!

This formula remains valid when n is a negative integer, provided
z#0.

There is also a chain rule for differentiating composite functions.
Suppose that f has a derivative at zy and g has a derivative at
point f(zp). Then the function F = g(f) has a derivative at z,
and

F'(20) = g'[f(20)]f'(20)
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Exercises

Use the results of the section above to find f/(z) when
a) f(z) =322 -2z +4

b) f(z) = (1 —422)3

c) f(2) 2z+12’4 z# -3
d) f(z) = B0 0 220

)

A. Karamancioglu Advanced Calculus



Cauchy-Riemann Equations

Suppose that the derivative

. f(z20+ Az) — f(20)
/ J—
Flz0) = Jim, Az

exists.
Writing z9g = xo + iyo and Az = Ax+ iAy, by the first theorem on
limits we have

Re[f'(z0)] = (AX7A|)i/T—>(O,O) Re [f(zo + AAzz - f(ZO)] (8)
, B . f(z0 + Az) — f(z0)
Im{f(20)] = (AX7A|)I/T—>(0,O) Im [ Az ] )

where
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f(zo + Az) — f(z0)

Az
_ u(xo + Ax, yo + Ay) — u(xo, yo) + i[v(x0 + Ax, yo + Ay) — v(xo, o]
Ax +iAy

(10)
It is important to keep in mind that expressions (8) and (9) are
valid as (Ax, Ay) tends to (0,0) in any manner that we may
choose. In particular, let (Ax, Ay) tend to (0,0) horizontally
through the points (Ax, 0) as indicated in the figure below.

u(xo + Ax, yo) — u(xo, ¥o)

Re[f'(20)] = lim_ A = ux(x0, ¥0)
. v(xo + Ax, — v(xo,
Im[f"(20)] = lim Lo X)))( bo.y0) _, vx(x0, 0)
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That is,
'(z0) = ux(x0, ¥0) + ivx(x0, ¥0) (11)

where uy(xo, yo) and vy (xo, yo) denote the 1st order partial
derivatives with respect to x of the functions u and v at (xo, yo)-

AY

4 AX

(0.0

T
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We might have let (Ax, Ay) tend to zero vertically through the
points (0, Ay). In that case Ax = 0 in equation (10); and we
obtain the expression

f'(20) = vy(x0, ¥0) — ity (x0, ¥0) (12)
which can also be written
f'(20) = —i(uy(x0, ¥0) + ivy(x0, ¥0))

Recall
f'(20) = ux(x0, 0) + ivx(x0 y0) (11)
Equate (11) and (12) to obtain

ux(x0, y0) = vy(x0,¥0) and uy(x0,y0) = —vx(x0,¥0)  (13)
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Theorem

Suppose that
f(z) = u(x,y) + iv(x, y)

and f' exist at a point zy = xp + iyo. Then the 1st order partial
derivatives of u and v with respect to x and y must exist at

(x0, Y0) and they must satisfy the Cauchy-Riemann equations (13)
at that point. Also f'(zy) is given in terms of these partial
derivatives by either equation (11) or (12).

Recall the Caucy-Riemann Equations:

ux(x0, y0) = vy(x0,¥0) and uy(x0,y0) = —vk(x0,¥0)  (13)

Also recall:
'(20) = ux(x0, y0) + ivx(x0 y0) (11)

f'(20) = vy (x0, o) — iy (x0, Y0) (12)
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Example

Consider the function
f(z) =2 =x*> — y? + i2xy
Note here that u(x,y) = x> — y? and v(x,y) = 2xy. Thus
ux(x,y) =2x = vy (x,y) ;X y) = =2y = —vx(x,y)

— f(z2) =2x+ 2y =2(x + iy) =2z

The same result as before.
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Example
Let f(z) = |z|?

—ulx,y)=x*+y* and v(x,y)=0
— u(x,y) =2x and v,(x,y)=0
vi(x,¥) =0 and wuy,(x,y) =2y

Cauchy-Riemann equations are satisfied only at (x,y) = (0,0)

Caucy-Riemann Equations:

ux(x0, ¥0) = vy(x0,y0) and uy(x0,y0) = —vx(x0,50)  (13)
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Derivative of f at zy exists — Cauchy-Riemann equations hold at
Zg. The converse does not necessarily hold.

LOGIC's RULE: A — B and B’ — A’ are the same.

DEFINE: A:Derivative of f at zp exists.
B:Cauchy-Riemann equations hold at z.

A CONSEQUENCE: B’ — A’ means "If Cauchy-Riemann
equations do not hold at zy then derivative of f at zy does not
exist.
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Theorem

Let the function
f(z) = u(x,y) + iv(x,y)

be defined throughout some & neighborhood of a point

20 = xp + Iyo. Suppose that the 1st order partial derivatives of the
functions u and v with respect to x and y exist everywhere in that
neighborhood and that they are continuous at (xo, o). Then if
those partial derivatives satisfy the Cauchy-Riemann equations

Ue = Vy; Uy = —Vx

at (xo, Y0), then the derivative f'(z) exists. O

This is called a sufficiency theorem for existence of the derivative.
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Cauchy-Riemann equations hold at z, and uy, uy, vy, and v, are
continuous at zg — Derivative of f at zy exists.
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Example

Suppose that f(z) = e*(cosy + isiny) where y is to be taken in
radians when cos y and sin y are evaluated. Then

u(x,y) = e cosy and v(x,y)= e siny

Since uy = v, and u, = —v, everywhere and since those
derivatives are everywhere continuous, the conditions in the
theorem are satisfied at all points in the complex plane.

— f'(2) = ux(x,y) + ivx(x,y) = €*(cosy + isiny)
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Theorem

Let the function
f(z) = u(r,0) +iv(r,0)

be defined throughout some € neighborhood of a nonzero point
29 = ro(cos By + isin bp)

Suppose that the 1st order partial derivatives of the functions u
and v with respect to r and 0 exist everywhere in that
neighborhood and that they are continuous at zy. Then if those
partial derivatives satisfy the polar form

1 1

Ur==vg, —Up=—V, (14)

r r
of the Cauchy-Riemann equations at (ro,6), then the derivative
f'(z0) exists and equals e~ [u, + iv,] O

This is called a sufficiency theorem for existence of the derivative
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An lllustration of the Proof

The relationship between polar and cartesian coordinates:
(x,y) <> (rcosf, rsinf)
u(x,y) <> u(rcosf, rsinf), v(x,y) <> v(rcosf,rsinf)
The following partial derivatives will be useful later on:

_ Ou _ Qudx 4 Qudy _ Ou | cippOu
Ur =13 = gxor + ayor = costg tsindy

Qu _ Qudx | Qudy __ o ndu Ou
Up =30 = oxo0 + oyo0 — ’5'“98x+“°598y

— 9v _ 9vax 4 vy _ v in QOv
v, = ¥ — + fcosé?ax—i—sm98y

ar Ox Or dy or
(if)
—Ov _ 0vox 4 OvOy _ _  npdv v
Vo =39 = xa6 T ayos — —rsinfg; +reosty
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(i) - cos sin 6 ux | | ur N
—rsinf rcosf u, | | ug
uy, = cosfu, — %sin Ouy

(iif)

. 1
uy = sinu, + ; cosOuy

Vy

(i) — cos 6 sinf e | [ v |
—rsinf rcosé T v
Vy = cosfv, — %sin Ovg

(iv)

. 1
vy =sinflv, + < cosfvy
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C-R in cartesian coordinates
Ux = Vy
Uy, = —Vx

cosOu, — %sin OQug = sinfbv, + %cos Ovy
(i) & (iv) —
sinfu, + %cos@ua = —cosfv, + %sin Ovg

— —%ue =V, ur= %ve C-R in polar coordinates.
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1 .
f'(z) = ux + ivx = cosOu, — = sinQuyg + i cosOv, — i~ sinf
r

= cosfQu, +sinBv, + icosfv, — isinf
= (cos® — isinB)u, + (i cosf + sin O)v,

= e u, + iv,]
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Exercises

1) Use Theorem 4 on C-R to show that f’ does not exist at any
point if f is

a)z b)z—Z c) 2x + ixy?

2) Use the sufficiency theorem to show that f’ and its derivative
" exist everywhere and find ' and f” when

af(z)=iz+2 b f(z) =e eV cf(z)=2

d) f(z) = cosx coshy — isinxsinhy

Ans. b) f'(z) = —f(z), f"(z)="1(2) d) f(z) = —f(2)
3) Find " when

a) f(z)=1/z b) f(z) = x? + iy? c)f(z)=zlmz
Ans. a) f'(z) =1/22, (z#0) b) f'(x + ix) = 2x

c) (0) =0
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Analytic Functions

A function f of the complex variable z is analytic at a point z if
its derivative exists at zy and exists also at each point z in some
neighborhood of zj.

ANALYTIC AT z;

= f is differentiable at Zy and
=0 fis differentiable at every point in some nbhd of it

Re
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f(z) = z? is analytic everywhere. But the function f(z) = |z|? is
not analytic at any point since its derivative exists only at z =0
and not throughout any neighborhood.

An entire function is a function that is analytic at each point in
the entire xy plane.

Since the derivative of a polynomial exists everywhere, it follows
that every polynomial is an entire function.
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Definition

If a function f is not analytic at a point zp and if it is analytic at
some point in every neighborhood of zy, then z is called a
singular point of f.

Im SINGULAR AT Zy
Mot analytic at Zg

Zg but
o it is analytic at least at one pointin every nbhdofit
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The function f(z) = 1/z(z # 0) whose derivative is

f'(z) = —1/z2. It is analytic at every point except for z = 0,
where it is not even defined. The point z = 0 is therefore a
singular point.

If two functions are analytic in a domain D, their sum and their
product are both analytic in D. Similarly, their quotient is analytic
in D provided the function in the denominator does not vanish at
any point in D.

Composition of two analytic function is analytic.
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Elementary Functions

The Exponential Function
e” = e*(cosy +isiny)
Some Properties

d z _ .z

Eee =€ o

e =cosf +isinf
eZle®2 — 21t
621/622 — eZl—ZQ
(ez)n — enz
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Example

e = —1 can be written as

eXely = 1e/("2rt1) - p—0,+1,42... — x=Inl

— x=0; y=0@n+1)m - z=i2n+1)r, w=e€’isa
many to one mapping.

IP Im ‘P Im

5 z

3

Re i Re
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Trigonometric Functions

From the equations
e”X =cosx+isinx and e ™ =cosx —isinx

it follows that

- eix — eTix eX L o—ix
sinx=———— and cosx=——"—
2i
for every real number x. Sine and cosine functions may be defined
for complex variables:
iz _ efiz eiz 4 efiz

sinz=——— and cosz=
2i 2

A. Karamancioglu Advanced Calculus



The sine and cosine functions are entire since they are linear
combinations of the entire functions e“ and e™"*. Knowing the
derivatives of those exponential functions, we obtain

Esinz:cosz; Ecosz:—sinz
Note that,
d . d ez — ez 1 /id , d 4,
dz "% dz < 2i ) 2i <dze dz°
1 . ey eIZ_I_ele
=5 (/e’Z — (—ie ’z)) = 5 = cosz
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Other Properties

sin(—z) = —sinz; cos(—z) =cosz
sinz+4cos?z=1

sin(z1 + z2) = sin z; cos zp + cos z; sin 2,
cos(z; + zp) = €os z1 COS zp — sin z; Sin 27

sin2z =2sinzcosz: cos2z = cos?z — sin? z
sin(z+7/2) = cosz
Note that,
ei(fz) _ efi(fz) efiz _ eiz eiz o efiz
sin(—z) = - = - =—————— — —sinz
(=2) 2i 2i 2i
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Trigonometric functions may be expressed in terms of the
components of z. For instance

eiz _ o—iz ei(x+iy) _ e—i(x+iy)

2i 2i
-y y
= (cosx + isin x)eQ—l_ — (cosx — isinx)%

. ey + e_y + i ey — e_y
=SnNxX| ————— ICOSX | ———
2 2

sinz = sin x cosh y + i cos x sinh y (15)
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sin z = sin x cosh y + i cos x sinh y (15)

Likewise
cosz = cos x cosh y — isinxsinhy (16)

Equations (15) and (16) imply

sin(iy) = isinhy , cos(iy) = coshy

sin(3+2i) = sin3cosh2 +i cos3sinh2 = 0.5309 — 3.5906/

0.1411x3.7622 —0.9900%3.6269

We have evaluated sin and cos in radians!!!
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sinZ and cosZ are complex conjugates of sin z and cos z.

sin3 + 2/ = sin(3 + 2/)

Note that  sin(z +27) =sinz sin(z+m) = —sinz
cos(z + 27) = cos z cos(z+m) = —cosz
One may use (15) and (16) to show that
| sin z|? = sin® x + sinh? y
| cos z|? = cos? x + sinh? y
Show that,

| sin z|? = (sin x cosh y + i cos x sinh y)(sin x cosh y — i cos x sinh y’)

=sin?x +sinh? y
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Some definitions:

sinz cos z
tanz = cotz = —
Ccos z sinz
1 1
secz = CSCZ = —
cosz sin z
_ 2 _ 2
—tanz =sec“ z —cotz= —csc“z
dz dz
—secz =secztanz — CSCZz = —Ccsczcotz
dz dz
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Exercises

1) Show that

exp(243mi) = —e?;  e@H/A = Je/2 (1 41)

2) State why 222 — 3 — ze? + e~ 7 is entire.

3) Prove that the function exp(Z) is not analytic anywhere.

4) Prove that 14 tanz = secz

5) Find all the roots of cosz = 2.

Ans. 2nm —icosh™12: thatis 2nm =+ in(2+4 ﬁ) , nevZ
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Hyperbolic Functions-Definition

) e —e’? e +e?
sinhz=—+—, coshz=——7-—
2 2

— isinhz:coshz, icoshz:sinhz
dz dz
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Some Identities

—isinh(iz) =sinz, —isin(iz) =sinhz
cosh(iz) = cosz, cos(iz) = coshz
sinh(—z) = —sinhz, cosh(—z) = cosh(z)
cosh?z —sinh?z =1
sinh(z; + z2) = sinh z; cosh z + cosh z; sinh z;
cosh(zi + z2) = cosh z; cosh zz + sinh z; sinh z;
sinh z = sinh x cos y 4 i cosh x sin y
cosh z = cosh x cos y 4 i sinh xsin y
|sinh z|? = sinh® x +sin? y

| cosh z|?> = sinh? x + cos® y
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Logarithmic Functions

For nonzero point z = re’® | (—m < © < 7), the logarithmic
function is defined by

logz=Inr+i(©+2n7), n=0,F1,F2,...

or
logz=In|z|+iargz
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log z is a multivalued function.
Its principal value Log z is a single valued function and it is defined
as

Logz=Inr+i®, r>0, —-7<O<n7
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Example

logl =logle® =1In1+i(0+2n7)=2nmi, n=0,F1,F2,...

log(—1) = logle'™ =In1+i(m +2n7) = (2n+ 1)7i n=0,F1,. ..

log(i) = logle'2 =In1+ i(3+2nm)=(2n+ 3)min=0,F1,...

log(2 + 3i) = Inv/13 4 i(0.98 + 2n7) = 1.28 + i(0.98 + 2n7),
n=0,F1,F2,...

Logl=0

Log(—1) =mi

Log(i) = Logle’® =In1+ iT=i%m

Log(2 + 3i) = Iny/13 +i0.98 = 1.28 + i0.98
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logz=Inr+i®, r>0, —-7w7<O<7w

The single valued function Log z, whose component functions are
u(r,®) =Inr and v(r,©) = ©, is not continuous, and therefore
not analytic throughout its domain of definition

r>0, —rmT<0O<m.

Because when z is on the negative real axis, we can find a
neighbouring point z*, so that the points Log z and Log z* are
distant. The following example illustrates this.
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Im
A Im r s

//ﬂg(;})_//

—_— Re - Re

e
- hy ‘_—‘--‘\N.
Log(-3 -i 0.001)
T~ 100514
¥

1.09+i3.14
/
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Example

e Close points must have close images if the function is continuous
there.
Image of z; under Log(+).

Log(—3) = 1.098612289 + i3.141592654
Image of z under Log(+).

Log(—3 — 0.001/) = 1.098612344 — j3.14125932

These two close points have distant images.
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The function Log z is not continuous at z;. Indeed it is not
continuous on the negative real axis.
However, for the domain of definition r >0, —7 < © <, the
partial derivatives

1

ur:?, uw=0, v=0, vw=1

are continuous in the domain and satisfy the polar form of the C-R

equations:
1

ur = —vo, ;U@:—Vr

NIE S| =

In this domain logz =
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Example

A branch of a multivalued function f is any single valued function
F, which takes one of the values of f. Branch is required to be
analytic in its domain.

logz, (|z| >0, % <argz < g+27r)

is a branch of the log function. Notice that z=0and arg z = ¢

line are not included in the branch.

d 1 T o

— | =—, >0, —< < —+4+2

7, 082 =~ (2] 5 <arez<g + 2m)
domain o;rthe branch
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Why did we define log z by
logz=Inr+i(©+2n7), n=0,F1,F2,...
Because, this definition of log z solves

elogz = 7

We verify this in the next slide.
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Properties of Logarithms - An identity

o8z — 7 (17)
Reasoning

elogz — eln r+i(©+2km) _ eln rel(®+2k7r)

= r(cos(© + 2km) + isin(© + 2km))
=r(cos© +isin®) =z
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However
log(e*) # z

because:
log(e?) = In|e?| + iarge* = In || 4 iarg &Y

= In|eX|[e¥| + i(y + 2n)
= In|e*|+i(y+2nm) = x+i(y+2n7) = z+i2nw, n=0,F1,F2,...

For the principal value of the logarithm, we have:

Loge* =z
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More ldentities

log(z122) = log z1 + log z» (18)

arg(z1z2) = argzy + arg z»

Iog(%) =logz; — log z (19)
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Example
Calculate log — 6/ directly and by Identity (18):

log(—2) = log(2e'™) = In2 + i(w + 2n7), n=0,F1,F2,...
log(3i) = log(3e'?) = In3 + i(g +2mr), m=0,F1,F2,...

Compute log(—6/) :
Direct computation:

log(—6i) = log(6e %) = In6 + i(—g +2kr), k=0,F1,F2,...

v
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Continued from the previous page

By (18):

log(—6/) = log(—2 x 3i) = log(—2) + log(3/)

:|n2—|—|n3—|—i(7r—|—2n7r)+i(g+2m7r)

—In(2-3) + /'(3’77r + 27 + 2mr) = In(6) + i(—g + 2kr)
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Example

Compute log(=3!) :
Direct computation:

log(—=) = In(2) + i(=T + 2kx), k=0,%1,F2,...
2 2 2
By (19):

Iog(—%) = log(3i)—log(—2) =In 3—|—i(g+2m7r)—|n 2—i(m+2nm)

= In(g) + i(—g +2mm — 2n7) = In(g) + i(—g + 2kn)
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Generalization of z = €'°87;

2" = elo8?" or 2" = e"%8Z  n=0,F1,72,...
When z #£0, zM/"= e%'ogz, n=41,+2,...
Exercises

1) Show that when n€ Z

log(—1+V/3i) = In2+2(n+ )i
2) Find all the roots of the equation logz = i 7.
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Complex Exponents

When z # 0, and the exponent ¢ is any complex number, the
identity z = €'°87 can be generalized as:

7€ = el°8 %" or z¢ = eclo8? (20)
Example
20 — exp(—2ilog i) = exp(—2i(2n + %)7'('/') = exp((4n + 1)7),
n:0,3F173F27---
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Inverse Functions

Given z, we want to evaluate sin~! z. Let us denote the result by
w.
sinlz=w (21)

—z=sinw= 5
— e —e W =2z
— (e™)? —2ize™ —1=0
This is a quadratic polynomial in €. Its solution is:

eV =izF\1-22

log(e™) = log(iz F V1 — 22)
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i(w 4+ 2nm) = log(iz ¥ V1 — z?)
w = —ilog(izF1—2z2)—2nm
By (21) w = sin~! z, hence
sin~tz = —ilog(iz ¥ V1 —22) — 2nm

The righthand side term —2nm does not have contribution to the
overall righthand side, because, the same term is generated by the
preceding term.

sin~lz = —ilog(izF V1 — z2)

sin~! z is a multivalued function.
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sin"lz = —ilog(iz T V1 — 22)

sin~1(—i) = —ilog(1 F v2)
= —ilog(1+v2)U—ilog(l — v2)
—i[In(14+v2)+2nmilu—i[In(v2—1)+(2m+1)7i], n,m=0,+1,+2}. ..
Likewise cos ™ z = —ilog[z F ivV1—2z2], tan~lz= }log ™2
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Derivatives of sin~1 z & cos™!

(appropriate) branches.

z are defined for specific

—sin_lz—¥ icos_lz—_i1
dz - (1-22)1/2° dz - (1 - z2)1/2

Inverse hyperbolic functions may be treated likewise
sinh ™! z = log[z + (2% + 1)V/?]
cosh™ z = log[z + (22 — 1)V/?]
1 142z

tanh~ !z = 5 log

1—2z
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Contours in the Complex Plane

=¥

y=v1-x2, —-1<x<1
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Alternatively, this curve can be expressed as a function of one
parameter:

v(t) = cos(t) +isin(t), 0<t<m

Each value of t determines a point (t which traces a curve as t
varies.

=Y

A. Karamancioglu Advanced Calculus



Example

v(t) = e =cost+isint, 0<t<2r

AY

=Y
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Y(t) =z +Re"™, 0<t<2r

=y
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Example

Hypotrochoid

x(t) = acost + bcos ¥
y(t) = asint — bsin %
o<t<2r

a=28, b=>5case
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Complex Functions of a Real Variable

Given a complex-valued function of a real variable f = u + iv, we
define the derivative of f in the usual way by

u(t+ h)+ iv(t + h) — (u(t) + iv(t))

- ilyino h
i YD) () g, (e R) Z (D)
h—0 h h—0
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Some properties

If f and g are complex-valued differentiable functions, o and 3 are
complex numbers, then

[of(t) + Bg(t)] = of'(t) + Be'(1)

[F(t)g()]' = £'(t)g(t) + &' (t)f(t)

(07 POl — g(DF()
{g(r)] =T Eop o fWF0

[F(g(t))] = f'(g(t)) - &'(t)




Given a@ = a + ib evaluate %eat

%eat = %eateibt = % [€7(cos bt + isin bt)| =

d d .

E(eat cos bt) + ia(eat sin bt)

= (ae® cos bt — be®' sin bt) + i(ae® sin bt + be" cos bt)
= (a+ ib)(e®" cos bt + ie®" sin bt)

= ae™*
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Definition

A complex-valued function of a real variable f is said to be
piecewise continuous on [a, b] if the following hold:

(i) f exists and is continuous for all but finitely many points in

(a, b).

(ii) At any point c in (a, b) where f fails to be continuous both
the left limit limyc f(t) and the right limit lim, | f(t) exist and are
finite.

(i) At the end points, the right limit lim.j, f(t) and the left limit
limep £(t) exist and are finite.

The function f is said to be piecewise smooth on [a, b] if f and
f' are both piecewise continuous on [a, b].
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Consider the set of points z(t) = x(t) + iy(t), a< t < b. If z(t) is
continuous and Z'(t) is piecewise continuous, then we call this set
of points a contour (or a path).
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Example

2(t) = t+it when0<t<1
Sl t4+i whenl<t<?2

is a contour, because (1) its compo-
nent functions are continous so are
t+ it and t+ /i, and their ends have 1
the same value for t = 1, and (2)its
derivative

2(t) = 1+i1 when0<t<1 0 1 2
"1 1+/0 whenl<t<?2

is piecewise continuous
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Definition

If a contour crosses itself at its endpoints, then it is called a
closed contour. If a contour crosses itself only at its endpoints,
then it is called a simple closed contour.

simple
closed contour closed contour
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Parametrization of a straight line

Im
/‘22
z,
Re
(1—t)z1 +tz; 0<t<1
1
(1—-5t)z1 +5tz; 0<t < c

(1-(t—3)z1+(t—3)z; 3<t<4



nt)=@1+Nt, 0<t<1
Yt)=0-t)1+)+t(-1+i)=(1+i)—2t, 0<t<1
() = (1 - t)(-1+i), 0<t<1
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We can use the expressions above to parametrize «y over different
intervals, say, 1 over [0,1/3], 72 over [1/3,2/3], 73 over [2/3,1].
For ~1 it suffices to change t by 3t:

y(t)=3t(1+i), 0<t<1/3
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For -2 over [1/3,2/3] we first scale it by changing t to 3t:
y(t)y=(1+i)—6t, 0<t<1/3
then we shift to the right by 1/3 units:
Y(t)=(1+i)—-6(t—1/3)=3+i—-6t, 1/3<t<2/3
For ~3 we first scale it by a factor of 1/3:
y(t)=(1-3t)(-1+/), 0<t<1/3
then we shift to the right by 2/3 units:

y(t)=1-3(t—2/3)(-1+i)=(-1+i)(3-3t), 2/3<t<1
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Paste them:

3t(1+1), 0<t<1/3
'y(t):{3+i—6t, 1/3<t<2/3
(-14+)(3—-3¢t), 2/3<t<1
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Real Integration

Suppose f is a real valued continuous function on [a, b]. Let P be
a partition of [a,b] s.t. a=x) < x3 < ... < Xm=b. Let
Axi £ X — x_1. The Riemann sum corresponding to P

D A6 0 = xe1)
k=1

where x; is a point in [xx_1, Xk].
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When the largest interval length approaches zero, this sum is called
definite integral of f and denoted by fab f(x)dx. If Fis any
antiderivative of f, then

b
/ F(x)dx = F(b) — F(a)
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Riemann Integral of Complex Functions

Suppose f(x) = u(x) + iv(x) on [a, b].
PL2a=xg<x1<...<xm=b.

m

m
f(xg)(xk—xk—1) = Z ) (XK — Xk—1 —|—/vak (xk —Xxk—1)

1 =1 k=1

%/ab f(x)dx:/ab(u(x)—l—iv(x))dx:/abu(x)dx—i—i/ab v(x)dx

NE

>
Il
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If f is a piecewise continuous complex valued function on [a, b],
then its integral over [a, b| may be written as summation of its
integrals over adjacent closed subintervals

[20, 1], [a1, a2], - - -, [@3m—1, @am] such that f is continuous on each

subinterval:

/f dx—Z/ dx+/Z/
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Contour Integrals

Suppose (t), a < t < b, is the path. Suppose that f is a
continuous complex valued function on the graph . That is

t — f(7(1))

is continuous function from [a, b] into C. We want to integrate f
over 7.
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Let us form a Riemann-like sum:
m
Z F(v(te)) - (v(te) — v(tk-1))
k=1

where a =ty < t; < ... < t,, = b. Noting that
v(t) = x(t) + iy(t) this becomes

D () - (x(tk) = x(tx-1) +/Zf(’7 te)) - (v(te) — y(te-1))
k=1 k=1
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By mean value theorem it becomes

S ()X () (t— i) +1 > F(( Bi)- (b — te_1)
k=1

k=1

where tx_1 < g, Bk < tg. As the partition gets finer, this sum
converges to

b b b
/ F((8)) - X ()dt + / F(7(8) -/ (t)dt = / F(7(8)) - (£)dt
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Definition

Suppose that 7 is a path over a closed interval [a, b], and that f is
a continuous complex valued function defined on the graph of ~.
The path or contour integral of f on + is given by

b
/ f(2)dz = / F(1(2)) - 7/ (t)dt (22)

v
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Example

—3

1
/ dz =7
—yZ_ZO

On the path: ¥(t) = zp+ Ret, 0<t<2r
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v(t) = z0 + Re™ — ~/(t) = iRe™

Recall the definition of the contour integral

b
/ f(2)dz = / F(7(2)) -7/ (t)dt (22)

Using the definition of contour integral
1 27 1 .
/ dz :/ ——jRe'dt
~Z— 20 o 20+ Re®—z

27 1 . 27
= / = iRe"tdt = i/ dt = 2mi
o Re 0
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/(z—zo)”dz—/ ! dz when n = —1
¥ vZ 2

is already evaluated. Now, when n % —1, evaluate

/V(Z — 2)"dz

27 ) ] o1
/(Z —20)"dz = / (Re'™)" - iRe" dt = iR”+1/ e/ (n 1)t gy
v 0 0

n+1
_ R ei(n+1)t

Con+1

T n+1
2 B Rt (ezﬂ(n+1)i _ eO) -0

0 n+1
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Length of a contour

y(t), a<t<hb,

b
L= [ b

Example

y(t)=t+it, 0<t<3

3 &
L—/ \1+i\dt—/ V12 + 12dt = 3v/2
0 0

Im

3i

Re

ol 3
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Recall the following from the Calculus course:

Theorem For the curve defined parametrically by x = g(t),
y=h(t),a<t<b,ifg, g, hand b are continuous on [a, b]
and the curve does not intersect itself (except possibly at a finite
number of points), then the arc length s of the curve is given by

s= [ Vig@r+ wora = [+ o

Exercise Find the arc length of the curve
x = g(t) =2cost+sin2t, y = h(t) = 2sint + cos 2t for
0<t<2m Ans. =16
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Associated with the contour C is the contour —C, consisting of
the same set of points but with the order reversed so that the new
contour extends from the point z, to the point z;.

Im

Re
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Given the parametrization of C as
C: z(t), a<t<b
then the contour —C has the following parametric representation

—C: z(-t) (-b<t<-a)

Given C: t+3t?, 1<t <3, find —C.

—C:—t+3(-t)? 3<t<-1
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A property:

/C f(z)dz:—/cf(z)dz

Suppose that the contour C consists of C; from z; to z, followed
by a contour G, from z to z3, then

/Cf(z)dz:/q f(z)dz+/c2 f(z)dz
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Some Properties

o [-zf( z)dz =z [ f z)dz for any complex constant zg.
o [ lf(2) +g z)]dz—fc dz—i—fcg

o |Jcf@)dz| = | [ Nz (0| < 7 |f[z O

Estimation Lemma
For any nonnegative constant satisfying |f(z)| < M, Vzon C

b
‘/ f(z)dz‘ < I\/I/ 12/(t)|dt = ML
C a y
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Proof of an Integral Inequality

Let f be a complex valued function of a real variable t. Assume

that
b
/ f(t)dt
a

exists and equals the complex number re’. Thus
_ b
rel’ = / f(t)dt
a
We have

ro= fbe”'af(t)dt
= [PRe (e f(t)) dt+i [PIm (e f(t)) dt

We know that r is real, therefore,

/b Im (e‘ief(t)> dt =Im(r) =0
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ro= fabRe( “i0f(t)) dt
S, IRe (e7F(1))] dt
I, e F (1) dt
2 [e7 | 1F(2)] dt

INGIES

< [kl

re"ez/abf(t) - /abf(t)dt‘
/abf(t)dt g/abyf(t)|dt
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We have




Example
Find an upper bound for

1
|

where I is the upper half circle with |z| = a with radius a > 1
traversed once in the counterclockwise direction.
First observe that the length of the path of integration is half the
circumference of a circle with radius a, hence
1

L(r) = 5(27?3) = ma.
Next we seek an upper bound M for the integrand when |z| = a.
By the triangle inequality we see that

2P =2 =22 +1-1=|(Z + 1)+ (-1)| < |2 + 1| + 1,

therefore ...

A. Karamancioglu Advanced Calculus




Continued from the previous page

|22 = |2%| = |22 +1- 1| = [(Z2 + 1) + (-1)| < [22 + 1 + 1,

therefore
12241 >z -1=2a2-1>0

because |z| = a > 1 on I'. Hence

1
(22 +1)?

- 1
=@y

Therefore we apply the estimation lemma with M = 1/(a® — 1)2.
The resulting bound is

’/f(z)dz’<ML—>’/ N
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Let us compute /; = fCl z°dz.

Vi
B .
2+
C, <
- .
0O e, A

C; is the line segment from z=0to z =2 + |.
It can be parametrized as z=2y +iy; 0<y <1
Derivative of the contour is 2/ =2 4/
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For C1, z=2y+iy, 0<y<landZ =241k :fclzzdz
Integral formula:

Af(z)d22£b F(y(t)) -+ (t)dt (22)
4
c, 82+j_
0 o q -

1
—>/1:/ 2y + iy)3(2 + i)dy
0

1
:/ (2y? + i11y?)dy
0
2 11
:74—[—

3 3
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Example

Consider the example above. Let the contour start from 2 + / and

go to 0 + /0 along the points of ;.

G,z=2y+1iy, 0<y<l1

To get —C; we use the formula -G = z(—y), —b<y<-a
z=-2y—iy, —-1<y<0

Y
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Continued from the previous page
—G=-2y—iy, -1<y<O0
Contour's derivative: —2 — j

Y

= —/ 7z°dz  as stated before.
G
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Example

/2_/ zzdz—/ z2dz—i—/ z°dz
G OA AB

Parametrize OAasx+i0; 0<x<2
ABas2+iy; 0<y<1

Y

S o A
2 1

/2:/ x2dx+/ (2 + iy)?idy
0 0

8 1 1
=_-+ I[/ (4 — y?)dy + 4i/ ydy]
3 0 0
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Continued from the previous page

Y

9 o A
2 1

/2:/ x2dx+/ (2 + iy)2idy
0 0

8 1 1
Z—i—i[/ (4—y2)dy+4i/ ydy]
3 0 0

2+.11
= - | —
3 3

Alternative parametrization of C: t; 0<t<?2
2+i(t—-2); 2<t<3
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B

A B=1+i
Cl Cj

X
-

O

/C 1 f(z)dz = /O f(2)z+ /A f(z)az

where f(z) = y — x — i3x2.
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Continued from the previous page

Ci=OA+AB; f(z) =y — x — i3x?

OA:z=0+1iy, 0<y<l1

1 1 0
—>/ f(z)dz:/ yidy:i/ ydy = !
0A 0 0 2

Ajs B =147

¥
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Continued from the previous page
Ci=O0A+AB; f(z) =y — x — i3x?

Aj B=1+i

| B

AB:z=x+1i, 0<x<1

1
— f(z)dz:/(l—x—i3x2)‘1-dx
AB 0

1 1 1
:/ (1—x)dx—3i/ XPdx == —i
0 0 2 )
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Vi

A B=1+i
Cl Cj

X
-
O
1—
/ f(z)dz:/ f(z)dz+ f(z)dz =
a 0A AB

A. Karamancioglu Advanced Calculus



Continued from the previous page
f(z) =y —x—i3x?

As B=1+§

| B

G:x+ix, 0<x<1

1 1
/f(z)dz—/ —i3x2(1+i)dx—3(1—i)/ XPdx=1—i
(&} 0 0

The integrals along the two paths C; and C, have different values
even though those paths have the same initial and the same final

values.
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Example

G:e ™, —7<6<0

Q2

I3:/ zdz;
G
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Continued from the previous page

=y

1

\\cz
W

71

Let us use the identity

I3 = —/ zdz
—G

where —G3:€e?: 0<6O<nr

h=— / e iedo = —in
0
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Cy: e T<0<2mw

=y
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Continued from the previous page

1 %
C,
Define Co=C— G

Iy = fcofdz =ly— 5 =2mi
When z is on the unit circle

2 —

\z[:l—)\z[zzl —zz=1; z=

1
—>IO—/ —dz = 27i
G 2 |

A. Karamancioglu Advanced Calculus
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. . 1 . . .
Consider the function w = z2. This is a multllvaleued functlloné
This function maps z = re’? to two points: rze'z and —rze'2

-pl
wpne ﬂ w-plane

\.2+i
Re (')
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Example

The function w = 2> has two branches. The branch
f(z)=+re®?;, r>0;, 0<f<2r

is analytic. The positive real axis with 0 is excluded from the

domain in order to avoid discontinuities on it.

If we consider the following function and its domain
f(z):\ﬁeie/z; r>0; 0<0<2r

then, for instance, the neighbouring points of Z = 3e’® won't have
neighbouring images under the function given above. Thus, it

1
wouldn't be a branch of w = z2.
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Example

Consider f(z) = z'/2. A branch of this multivalued function is
f(z) =+/re®?; r>0; 0<f<2r

Consider the semicircular path C defined by z=3e; 0<6< 7

The function is not defined at the point 3 + /0, but this does not

harm the existence of the integral. Integral is defined for piecewise

continuous functions. Nonetheless, we may make it continuous by

defining (3 + i0) = /3.

=Y

-3 3
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Continued from the previous page

-
-3 3 x

Noting C : 3e?; 0<6 <, let us compute | = fc z/2dz for
the branch of z1/2 described.

| = / V3e"/23ie" df = 3v/3i / /2y
0 0

—3\f:{ (1+:)} = —2V3(1+1)
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Example

Let the contour C be as in the previous example. Also let us use
the same branch of z1/2 as in the preceding example.

We show that
/ Z1/2 3v/37
> dz
cZ = 1

<
- 8
Recall and use )fc f(z)dz‘ < ML.
Clearly, |z| =3 on C, therefore ]zl/2| =3
Also |22 + 1| > ||z|? — 1| = 8. Because |z1 + z| > ||z1] — |z|],
pp-10 Churchill
_ V3

-8

Since the length of the contour is L = 37. The conclusion follows.

Z1/2

2241
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Cauchy-Goursat Theorem

If a function f is analytic at all points interior to and on a simple
closed contour C, then

/C f(z)dz =0

o,
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Definition

A simply connected domain D is a domain such that every
simple closed contour within it encloses only points of D.

imply connected domains

Not simply connected domains

LA
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Simply connected domains

Not simply connected domains
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Alternative statement of the theorem

If a function f is analytic throughout a simply connected domain

D, then
/ f(z)dz=0
C

for every simple closed contour C lying in D.

The simple closed contour here can be replaced by an arbitrary
closed contour C which is not necessarily simple. If C intersects
itself a finite number of times, it consists of a finite number of
simple closed contours. By applying the C-G theorem to each of
those simple closed contours, we obtain the desired result for C.
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An arbitrary closed contour

Aammzlf@¢+ﬁj@w+ljmw

+/ f(z)dz+/ f(z)dz
G G
:/f@¢+ f(2)dz+ | F(2)dze+ | f(2)dzt | F(z)dz
a G G G G
=0 by C—G =0by C—G =0by C—G
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Generalizing the C-G Theorem to Multiply Connected
Domains

Let C be a simple closed contour and let C; (j=1,...,n) be a
finite number of simple closed contours inside C such that the
regions interior to each C; have no points in common.
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Continued from the previous page

Let R be the closed region consisting of all points within and on C
except for points interior to each C;. Let B denote the entire
oriented boundary of R consisting of C and all the contours C;,
described in a direction such that the interior points of R lie to the
left of B. Then if f is analytic throughout R

/ f(z)dz=0
B




S

Continued from the previous page
/:/+/ +/
B C G
ot [ [ [
Ly ¢ L3

/r+/L+/C/ +/C +/Ll

=0 by C—G

A. Karamancioglu Advanced Calculus
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Continued from the previous page

(e}

Because hypothesis says that f is analytic throughout R including
its boundaries, f is analytic on and inside the contour above.
Thus, Cauchy-Goursat Theorem results in

/+/+/ +/+/ —l—/ZO
M Ly Cit Ly Gt L3
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Continued from the previous page

Likewise, because hypothesis says that f is analytic throughout R
including its boundaries, f is analytic on and inside the contour
above. Thus, Cauchy-Goursat Theorem results in

[ S Sy Y
M —L3 Gop —L> Cip —L
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Continued from the previous page

Notice that we used the facts:

/L,"'+/L,"':0

and
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Example
d
g z22(z2 +9)

4 Im

Generalization of the C-G theorem to multiply connected domains
is applicable here. The hypotheses of the theorem are satisfied:
The integrand is analytic except at the points z =0 and z = F3/,
all of which lie outside the annular region with boundary B.
Therefore, along the oriented boundary the integral equals zero.
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Antiderivatives

There are certain functions whose integrals from z; to z, are
independent of the path.

Definition

The function F is said to be an antiderivative of f in a domain D
if: F'(z) = f(z) for all z in D.

f(z) = z has an antiderivative F(z) = 272 Another antiderivative
of f(z) is F(z) = & +3.
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Theorem

Suppose that a function f is continuous in a domain D. TFAE:

a) f has an antiderivative F in D.

b) The integrals of f along contours lying entirely in D and
extending from any fixed point z; to any fixed point zp all have the
same value.

c) The integrals of f around closed contours lying entirely in D all
have value zero.

o’
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Example

The continuous function f(z) = z? has an antiderivative
F(z) = 2z3/3 throughout C.

1+i 3 23
z°dz = —
0 3

holds true for every contour from z=0to z=1+ 1.

1+i
=_(-1+41)
0 3
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Example

The function 1/22, which is continuous everywhere, except at the
origin, has an antiderivative —1/z in the domain |z| > 0.
Consequently

i 1 1
= - — - (Zl#oa 22750)
22

21

for any contour from z; to z» that does not pass through the
origin. In particular [(1/z%)dz = 0 when C is the circle
z=2e", —np<O<n
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Example

D:|z| >0, —m < Argz < (i.e. negative real axis is excluded)
2i
= Log (2/) — Log (—2i)

2i
d.
/ e Logz
-2i 2 —2i

- (In2+ig) _ (In2—ig) —

when the path of the integration does not cross the negative real
axis.
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7r/2 71‘/2
/ cos zdz = sinz
; .

1

=sing—sinizl—isinh1=1—i1.1752
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Cauchy Integral Formula

Theorem

Let f be analytic everywhere within and on a simple closed contour
C, taken in the positive sense. If zy is any interior point of C, then

1 f(z)d
f(z) = / ol Cauchy integral formula
27 Jc z — 29

This can be written also as

2rif (20) = /C fz (i)jj
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1
f(zo) o

f(z)d
/ (2)dz Cauchy integral formula
C
d
27if (zo) :/ (2)dz Cauchy integral formula
cZ— 2

Z — 2y

-

Example
Let C be the positively oriented circle |z| = 2
zdz z/(9—2°) z?) —i T
o zz de=2mi(Z) =1
/C(9—z2)(z—|—l) /C z— (=) © -1/ "5
Note that the function f(z) = g% is analytic within and on C

and the point zg = —i is mterlor to C.
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2.1 . : : :
Integrate ;;j in the ccw sense around a circle of radius 1 with

center at the pointa) z=1b)z=—-1c)z=
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Continued from the previous page

2 1 2241
() /22+ dz_/ g,
CZ—]. CZ_]-

The expression on the right has zp = 1 and f(z) = 222111
The point zyp = 1 lies inside the circle C under consideration, and
f(z) is analytic inside and on C. The point z = —1 where f(z) is

not analytic, lies outside C. Hence by Cauchy integral formula

2 1 2241 2 1
/22+ dz:/ gy = omi[ 2] =i
cz-—1 cz—1 z+11lz=1

N R EEEEEEEEEE————————————————.
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Continued from the previous page

I

Re

VARV

22 +1 z2+11 22+11
b d = Z d = 42_ d
(b) /CzQ—lZ /Cz—i—lz /Cz—(—l)z

Now f(z) = Zzz%ll is analytic within and on C and zp = —1 is an
interior point of C. Therefore
1 -4 1
/Z2+ dz—/ dz—27rl{z + } = —27i
cz?-1 z—( 1) z—11z=—
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Continued from the previous page

Im

VERY

c) The given function is analytic everywhere on and inside the
circle. Hence by the Cauchy-Goursat theorem, the integral

2
1
/22+ dz
cZ -1

has the value zero.
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Exercises

Integrate z2/(z% + 1) in the ccw sense around the circle

1) |z+il=1 2)|z—i|=1/2 3)|z|=2 4)|z|=1)2
Integrate z2/(z* — 1) in the ccw sense around the circle

5) z—1|=1 6)|z+il=1 T)|z—i=1/2 8)|z[=2
Answers

1) 3)0 5)in/2 T)=n/2
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9) Let C denote the boundary of the square whose sides lie along
the lines x = 42 and y = +2 where C is described in positive

sense. Evaluate each of these integrals

a) [ ;"/22) Ans. 27

coszdz T
b) fC z(z2+38) Ans. Iz
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Cauchy Integral Formula

Theorem

Let f be analytic everywhere within and on a simple closed contour
C, taken in the positive sense. If zy is any interior point of C, then

1 f(z)d
f(z) = / ol Cauchy integral formula
27 Jc z — 29

This can be written also as

2rif (20) = /C fz (i)jj
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Proof of the Cauchy Integral Formula

Since f is analytic everywhere within C, automatically it is
continuous everywhere within C, specifically at zy. At z, for a
given ¢ there exist ¢ such that

|f(z) — f(z0)] <& whenever |z—2z|<d
Select p less than ¢ such that

|f(z) — f(z0)| <& whenever |z—2z|=p
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Consider - ( ) . Numerator is analytic in R; the denominator equals

zero nowhere in R. Thus ZE—ZZ?) is analytic at all points on C and (y
and at all points in between them, we can use the generalized C-G

theorem:
/ LG RRY (A CO R
cZ—2 GZ 2
Note that the direction of Cp is not as in the Generalized C-G
theorem for the multiply connected domains, this caused us to use

-" instead of "+" in the expression above.
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This is equivalent to
/ f(z)dz / f(z)dz
cZ— 2 G Z — Z)
Subtract fc zfzdz from both sides of equality to obtain
/ f(z)dz _/ f(z0)dz _ / f(z) s _/ f(z0) s
cZ— 2 G Z— Z) COZ_ZO COZ_ZO
—f
/ f(z)dz f(Zo)/ dz _ / f(z) — f(z) ds
cZ— 2 COZ*ZO G Z— 2

By a previous example:

f(z)dz ] B f(z) — f(z) y
—>/C —27if(z9) = /Co ——d

z— 2z z— 29
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f(z)dz ) [ f(2) —f(20) y
—>/C—27rn"(zo)—/c0 ———=d

Z— 20 Z— 2

Since the length of Cy is 27p, using the modulus inequality on

integrals
" f(z)—f
/ Mdz < £ 2p = 2me
J G Z—2p P~~~
~~ L
M

< 2me

— 2mif
‘/z—zo mif (zo)

Since the lefthand side is constant and righthand side is arbitrarily
small (because we can select ¢ arbitrarily small) the lefthand side
must be 0. Consequently

/ 2)9 _ it (ao) QED.
C

Z— 20
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Derivatives of Analytic Functions

If a function is analytic at a point, then its derivatives of all orders
are also analytic functions at that point.

f(z) = L is analytic at zg = 1+ /. Each of the functions
£ F7 FA) FG) s analytic at zg = 1 4 1.
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Corollary

If a function f(z) = u(x,y) + iv(x,y) is analytic at a point
z = x + iy, then the component functions v and v have
continuous partial derivatives of all orders at that point.

Note that if f is analytic at z, then its component functions satisfy
the Cauchy Riemann equations at z. This shows the existence of
Ux, Uy, Vx, v, at z. The derivative is then

f'(z) = ux + iv or equivalently f'(z) = v, — iu,

By the theorem, f’ is also analytic at z. Therefore, the real and
imaginary components of f/ must satisfy the C-R equations at z.
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f'(z) = ux + ivk or equivalently f'(z) = v, — iu,

By the theorem, f’ is also analytic at z. Therefore, the real and
imaginary components of f/ must satisfy the C-R equations at z.
That is,

Uxx = Vxy, Uxy = —Vxx
Vyx = —Uyy, Vyy = Uyx

This shows existence of all the 2nd order partial derivatives at z.
Continuing this process shows that v and v have continuous partial
derivatives of all orders at z.
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A Generalization of Cauchy integral formula

|
f<")(zo):”',/c(f(z)dz n=0,1,2,...

2mi z— 7o)t

Under the same hypotheses as in Cauchy integral formula.
Alternatively:

27r/ o )_/(f(z)dz n=0,12,...

_ Zo)n+1 )

Let C be |z| = 10, positively oriented and let f(z) = 1. Then

dz 20
e (4) _
/C(Z_2)5 9@ =0
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Evaluate

where C = {z: |z| = 2} oriented ccw.
Solution Noting f(z) = €°7 is entire, and zy = i is is an interior
point of C, we have

¥4 2 )
/C(ze—[)?’d = ﬂf”( ) 257['i65’
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(Morera’s Theorem) If a function f is continuous throughout a
domain D and if [ f(z)dz =0 for every closed contour C lying in
D, then f is analytic throughout D.
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Series

Definition
We say that a sequence {a,} converges to a complex number L, or
has limit L, as n tends to infinity and write

lim a, =L
n—o00
if given any € > 0 there is an integer N such that

lap— L <e forall n>N

If the sequence {a,} does not converge, then we say that it
diverges.
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Consider the sequence

The sequence is not converging since its terms will cycle over the
first eight terms indefinitely.
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Example

oin(/4)
=)

Let us show that it converges to L = 0. Given € > 0 we have

in(7/4)
_0‘ = ‘en‘ = % <€

gin(m/4)

lap — L| =
n

for all n > % and so the sequence converges to L = 0.
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Suppose that {an} is a sequence of complex numbers and write
an = Xp + iyn, where x, = Rea, and y, = Ima,. Then

lim ap,=L=a+if < I|lmx,=a and Ilm y,=p
n—o0o n—o00 n—00
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Definition

An infinite series of complex numbers Zz‘;l apn=ar+a—+...
converges to a number S, called the sum of the series, if the
sequence

N
SN:Zan:al—i—ag—i—...—i—aN; (N:1,2,...)

n=1

of partial sums converges to S.

Define a sequence 51 := a1, S .= a1 +a», S3:= a1 +ar+as,....
If the sequence 51, S5, S3, ... converges, then it converges to the
sum of the series above.
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Suppose that ap = x, + iy, (n=1,2,...) then

ian:5:X+iY & ix,,:X and iyn:Y
n=1 n=1 n=1
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Theorem

Let f be analytic everywhere inside a circle C with center at zg and
radius R. Then at each point inside C

f(z) = f(z0) + (z—2)+... (23)

that is, the power series here converges to f(z) when |z — z5| < R.

Im fis analyticinside
the circle.

Y

Y4
Re
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(23) is called the expansion of f into a Taylor series about the
point zg. Taylor expansion for zg = 0 is called Maclaurin expansion:

£(0) £7(0)
TR

f(z) = £(0) + (z)2+...

Im

Re
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Maclaurin expansion:

Since the function e is entire, it has a Maclaurin series
representation which is valid for all z. Noting that

d’ et =1
dzn
z=0

we have
22 78
e® _1_‘_2_'_74_73‘ 4.

A. Karamancioglu Advanced Calculus



2n —
f(z) =sinz —>{ ﬁ?"ir(l()))((Si(—l)n } n=0,1,...
3 P Z7
smz:z—g—ka—ﬁ
Similarly
22 £
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Example

Note that sinh z = —isin(iz). In order to compute the Taylor
series of sinh z, we only need to replace z by iz in the Taylor series
expansion of sin z, and multiply the result by —i.

7z 2 & 1. (2?2 (i2)® (i2)
T A TR - T
sin z sinh z
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T is analytic in |z| < 1. Its Maclaurin series is

o0
=14z4224+23+... = z", |zl <1 24
——=ltz++ 20+ PEANE] (24)

n=0

Im
fis analytic in
the shaded area
Re
— | S

1
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To find power series representation of p%z we may utilize that of
T given in (24). In (24) we substitute —z for z. That is,
(e¢]
1_Z:1+z+z2+z3+...:Zz", |z| <1 (24)
n=0
becomes
L 2 3 - n_n
le—Z-i-Z —Z +:Z(—1)Z7 |Z|<1
n=0
Note that [z| <1 <+ |—z| <1
Similarly
1 o
T2 :1+z2+z4+z6—|—...:222”, |z| <1
n=0
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1 [e.9]
7:1—1—24—22—1—23—1—...:22", |z <1 (24)
1-z puard

Example

Develop —1 in powers of (z —a) where c—ab# 0 and b # 0.

1 1 1

c—bz c—ab—b(z—a) (c—ab)[l— b(Z—a)]

c—ab

> b(z —a)yr
:(c—lab)x [1_:(2—3)}_c—13b ) =

b(z—a)
c—ab

This series is convergent for ’
|z —al < |2 = - 4|

| < 1, that is

A. Karamancioglu Advanced Calculus



Find Maclaurin series of f(z) = tan z.

cosz
tan has singularities at the zeros of cos, i.e., at
5 +nm, n=0,1,.... Thus, for the tan function, the region of
convergence around the origin is |z| < 7.
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Continued from the previous page
f(0) = tan(0) =0
f'(z) =sec?z=1+tan?z =1+ f2(z) and /(0) = 1

fl(z)=14f*(z) — f"=2ff and f"(0)=0

" =2(f')? +2ff" and f"(0) =2 — "(0)/3! =1/3
FO =6f'f" +2ff"” and fW(0)=0
f(5) _ 6(f”)2 +8F " 4+ 2ff(4)

and
£)(0) = 16, (f(5)(0)>/5! =2/15

t L IA 2h <]
anz =z =Z —Z A V4 -
3 15 2
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Laurent Series

Theorem

Let Cy and Cy denote two positively oriented circles centered at a
point zy where Cy is smaller than C;. If a function is analytic on Cy
and C; and throughout the annular domain between them, then at
each point z in that domain f(z) is represented by the expansion

Zanz—zo)”JrZ (z—20)"

fis analytic on C,and C and in
Im C1 the annular domain

Re
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Continued from the previous page

In the Laurent expansion we have

1 f(z)dz
= — —_— =0,1,2,...
dn i C(Z*ZO)H+1, n 07 » &y
by = i) n=1,2,...

" i Je (2 z0) ™

and C is any positively oriented simple closed contour in the
annular domain encircling Cp.
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The series here is called Laurent Series.
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Alternative style of expression for the Laurent series

formula

f(z)= ) dn(z—2)"

n=—0o0

= 1/ f(z)dz
"owi Je (z— z0)tE

where
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a background for the next example

Example

fc(z — z9)"dz

where C is the positively oriented circle |z — zp| = R with R > 0.
Path parametrization: z(f) = zp + Re’’, 0<60 <2r

Z/(0) = iRe'

= [o(z — 2)"dz = [T Re™ iReldg = iR™HL [T el(m+1)0 gy
when m= —1,itis iR™Mt1 [27 /(-1 10g9 =  [27 df = 2

Im

A. Karamancioglu Advanced Calculus
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Continued from the previous page

. . i(m+1)0 |27
When m # —1 it is jRm+1el )

i(m+1)

0

(z— 20)"dz = 2mi when m= -1
c 0 B 0 when m#-1
1

= 1 when m=-1
_ 2
: (z —29)"dz { (25)

0 when m# -1

Summary: C is a positively oriented circle that encircles z.
Results above are valid for any radius R > 0.
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Consider f(z) = ﬁ, 0<|z—1 <
We want to find Laurent series expansion of f(z) about z = 1.
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f(Z):Z_;l)z, 0<|Z—1|<OO

|

Continued from the previous page

Use the formula for the coefficients d,, with a simple closed
contour containing the inner circle, for instance, |z — 1| = 0.5.
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Continued from the previous page

Let us find the coefficients dp,:

g b f(z)dz 1 [1/(z—1)
" omi Jo (z— )™ 27w o (z— 1)L

_1/1d
~2ni Je (z—-1) 3

1
_ -1 —(n+3)
2mi C(Z ) dz

dz

Use the result of the preceding example:

[ 1 when —(n+3)=-1(ie., n=-2)
| 0 else

do=1, d,=0when n# -2
The Laurent series of f(z) is itself: (Z‘i;fy = ﬁ
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The Laurent series expansion of z2el/Z with center at 0 is
1 1 1 1
2 2
z (1—1——1!2—1——2!22 —}-) = % —|—z+—2! +—3!z—i—... 0<|z] <0

22 analvytic everywhere

1/z
€ analytic everywhere except at z=0
Im

W
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142z 11+2z_1(2_ 1

1
) = ;(2—1—1—2—22—1—23—24—# )

Z2+23_?1+2_22 1+Z
1 1 2 3
=5+-—-1+z-z4+2—-... 0<|z/<1
zZ V4
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z 22 23

e 2_ 3
T3 (1+z+——|—§+ Jl—z+z"—2z"+..)
1 1
=1+§zz—§z3... |z| <1
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1
1+Z2:1—22+z4—z6+... |z| <1
Integrate both sides:
B 5
1 z V4
t =z——+——... |z|<1
anz=z- ot || ,
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o0
Z -1)"(z-1)", |z-1]<1
Note that
1 = ! = — = lz—1] <1
z 1-14z 1+4(z-1)
——
Differentiate each side:
1 oD
—==> (-)"z-1)"", |z-1|<1
z n=1
1 o0
2= S (-1)"(n+1)(z—1)"
n=0
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Find the Laurent series expansion of f(z) = & for |z| > 1.

1 1 1 1 1 1o /1" = —1
=T eI u ) =X Et
z z n=0 n=0
1 < -1 1 1 1
= - 2 B >0
n=1 )
Im
Im
1 Re 1 % Re
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Recall: zj is called a singular point of a function f if f fails to be
analytic at zy but is analytic at some point in every neighborhood
of zg. That is, f is not analytic at the singular point z, and in
every neighborhood of zy we are able find a point such that f is
analytic there. A singular point zy is said to be isolated if, in
addition, there is some neighborhood of zy throughout which f is
analytic except at the point itself. That is, if zg is an isolated
singular point of f, we can find a neighborhood of zy such that z
is the only singular point in that neighborhood.
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Example

Im
Re 1
> has isolated singular point at z =0
Im
() 2L has three isolated singular

z3(z2+1)

Ga Re pointsat z=0,z=1i,z = —I.

m has singular points at z = 0
andz=1/n, n=+1,+2,.... Each
singular point except z = 0 is iso-
lated.
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When zj is an isolated singular point of a function f, there is a
positive number R such that f is analytic at each point z for which

0 < |z — z0] < R. Consequently the function is represented by a
Laurent series

o b1 b2 bn
f(z) =) an(z—2)" b —— ...
(2) 0 an(z—z) +z—zo+(z—zo)2+ +(z—zo)”+

valid in 0 < |z — 9| < R.
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Recall that

b 1 f(z)dz

= — =12 ...
" 27i Je (z— zg) L "

where C is any positively oriented simple closed contour around z
and lying in the domain 0 < |z — z5| < R. When n=1, this
expression for b, can be written

/ f(z)dz = 2miby (27)
C

The complex number by, which is the coefficient of 1/(z — z) in
expansion (26) is called the residue of f at the isolated singular

point zy. Residues are useful in evaluating certain integrals around
simple closed contours.

A. Karamancioglu Advanced Calculus



Hypotheses

zp is an isolated singular point of . (Then we can find R such
that f is analytic in 0 < |z — 9| < R).

Cisin 0 < |z— z| < R and encloses z.

Conclusion

/ f(z)dz = 2miby
C

where by is the coefficient of 1/(z — zp) in Laurent series of f
written for 0 < |z — z| < R.
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Consider fc 1)2 dz where C is the

circle |z| = 2 described in the posi-
tive sense. Let us check whether the

hypotheses of previous recap page are c
satisfied: The integrand f has an iso-
lated singular pointat z = 1. R is oo,
that is, f is analyticin 0 < |z — 1] <

0o. The contour C is in the annu- 3 Re
lar domain 0 < |z — 79| < oo and -2 1 /2
encloses zg = 1. "= Hypotheses are

satisfied.

To evaluate the integral we determine

the residue b; at z = 1 and use

Jc 1y dz = 2miby. J

A. Karamancioglu Advanced Calculus



Continued from the previous page

The formula e = 3°0° Z; is useful below:
e Z e le—(z-1) 1)n 1
(z-12  (z-12 1)2Z (z-1)
il S [
2 e e el e
_ _ S S WY
Goig --it 2 e U

The coefficient of 1/(z — 1) is —1/e. In other words, residue of f
at z=1is —1/e. Hence

e ? -1
S S
/C(Z_ 1)2 V4 yivi e
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Example

Evaluate fC e(1/z)dz for the same C as
in the previous example.

Let us check whether the hypotheses for
the residue formula are satisfied: The in-
tegrand f has an isolated singular point
at z=0. R is oo, that is, f is analytic
in 0 < |z—0| < co. The contour C is
in the annular domain 0 < |z — 0| < oo
and encloses zp = 0. - Hypotheses are
satisfied.

To evaluate the integral we determine
the residue by of f at z = 0 and use
Je eM/?)dz = 2miby.

1 1 1

1/z2 _
€ =1+ 1122~ 2124 3125

_l’_

Im

Re

-2

N

)

0<|z| <

2

Since the residue of f at z=0is 0 (i.e., by = 0) the integral is 0.
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Theorem

Let C be a positively oriented simple Y c

closed contour within and on which
a function f is analytic except for a
finite number of singular points
71,20, ...,2, interior to C. If

B1,Bs, ..., B, denote the residues of
f at those respective points, then

/ f(z)dz =27i(B1+Bx+...+ Bp) X
< J
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Let the singular points z,...,z, be y
centers of positively oriented circles
Ci,...,C, which are interior to C
and are so small that no two of the
circles have points in common. The
circles C; together with the simple Z

1 plane

closed contour C form the boundary
of a closed region throughout which
f is analytic and whose interior is a
multiply connected domain. Accord-
ing to C-G theorem

/Cf(z)dz—/Cl f(z)dz—/cz f(z)dz—...—/cn f(z)dz =0,

~ —_——
2mwiBy by(27)  2wiBy by(27) 2miBy, by(27)

— / z)dz =27i(Bi+ By + ...+ By)
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Example

e %dz where C is the circle
|z| =2, described counterclockwise.
Singular points in the contour are
z=0and z=1.

Bi: residue at z=10

Im

0

Re

- )

:(5—%)(—1—2—22—...)

2
=--3-3z—... 0<|z/<1
z

= 31:2

-
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Continued from the previous page

B>: residue at z =1

5z -2
z(z—-1)

- (5(2;—1)1+3>(1+(i—1)>

Im

Re

B>
z—1

=...+ T oo

- <5+%) (1=(z=1)+(z=1)>—...) C

oA

0<|z-1|<1
— 8223

bz —2
———dz =27i(2 = 107/
/Cz(z—l) z =27mi(2+3) i
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Example

Jc 5% dz where C is the unit circle ori-
ented counterclockwise. Im

The integrand has an isolated singular

point at the origin. So we can write the
Laurent series for the integrand that is valid /A\
for 0 < |z| < oco. The integration path is 1 Re

a simple contour that lies in the domain of
the Laurent series and it encloses the in-
ner circle of the domain. So, the residue
theorem is applicable to this problem:

sin z 1 1 z z3

4T3 3 ts T

Residue at z=01is —1/3! = —-1/6

sin z —1 —Ti
dz =27i(—) = —
%/C z = 2mi( 6) 3

z4
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Principal Part of a Function

Consider the Laurent series of f centered at zg

f(z) = i an(z—20)"+ b1 b2

n=0

+..., 0<|z—z| <R

z—zo—i_(z—zo)2

for some positive R. The portion of the series involving the
negative powers of z — zy is called the principal part of f at z.
Let the principal part contain finite number of terms, that is,

by . by T bm
-z (z—2)% = (z—2z)m

f(z) =) an(z— 2)"+ ~
0

0<|z—2z| <R

where b, # 0. In this case the isolated singular point zy is called a
pole of order m. A pole of order m = 1 is called a simple pole.
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22 3
z Z+3:z+ =24(z—-2)+

—2
— — 0<|z—2] <

3
z—2’

The function above has a simple pole at z = 2. lts residue is 3.

sinh z 2 D

7_ 4( +7+a+7+ )

1 1 1 1
:—+—+—z+—z+ 0<|z] <0

z3 3z 5l 7!
This has a pole of order 3 at z = 0, with residue 1/6.

When the principal part of f at zy has an infinite number of terms,
that point is called an essential singular point.
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Theorem

(Picard’s Theorem) In each neighborhood of an essential singular
point a function assumes every finite value, with one possible
exception, an infinite number of times.

11
el/Z:Z—— 0<|z] <0
z

This has an essential singular point at z = 0. Therefore, in the
neighborhood of the essential singular point, say |z| < 0.1, the
function e/ can take every finite value, say 45. Thus, according
to the theorem, there are infinitely many z values in the
neighborhood |z| < 0.1 satisfying el/Z = 45.

A\
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Example

(o)

11
el/zzzm—, 0<|z] <0

Zn
n=0

This has an essential singular point at z = 0. Its residue at z =0
is 1.

We can show that ez has the value —1 an infinite number of times
in each neighborhood of the origin. Recall that: e# = —1 when
z=1(2n+ 1)mi, n=0,+£1,... This means that ez = —1 when
z= (2#1)7”.% = (2,;"1)”, n=20,£1,.... In a set notation,
solutions are:

{—0.1061/, —0.0637/,—0.0455/, —0.0354/, —0.0289/, —0.0245/, .. .}

Clearly, infinite number of these points lie in any given
neighborhood of the origin.
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Residues at poles

Let o(2)
V4
f(z) = p—— (28)
with ¢ analytic at zp and ¢(zo) # 0. The Taylor series
o(2) = ofz0) + Tz -2y + Tz y o (9)

is valid in |z — zy| < R for some R. Substitute this in (28):

o(20)  #'(20)  ¢"(2) ¢"(20)

f(z):z—zo T o (z—2z0)+ 3 (z—z0)%--- (30)

Residue of f at zy is the coefficient of ﬁ that is, ¢(zp).
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Example

Example Consider f(z) = f has isolated singular points at

2+9
3i and —3i. Find the residue at 3i. We can write f(z) = 22 with
o(z) = zzj‘,}, Note that ¢ is analytic at 3/ and ¢(3i) # 0. Thus 3/
is a simple pole of f. The residue at 3/ is ¢(3i) = 35"
Im
3i
Re
=31
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Consider the function

_ (2 _
o) = g M=23 (31)
with ¢ analytic at zp and ¢(zo) # 0. Use (29)
o(2) = ofz0) + Tz -2y + T o zrp o (29)
in (31):
, 1 (m=1)(zy)
__¢(=) o i NG
S e L e L e S A

f has a pole of order m at z, with residue

¢(m—1)(20)

bL= ")
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342z
f(z) = o)
can be written as
P(2)

@ =G—ip

where ¢(z) = z3 + 2z. The function ¢ is entire and ¢(i) # 0
Hence f has a pole of order 3 at z = /. The residue is

S0) s,

b=
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Zeros and poles of order m

When two functions p and g are analytic at a point z and
p(z0) # 0, the quotient % has a pole of order m at zy if and only
if g has a zero of order m there.

If f(z) = (z —7)*, then £(7) = f'(7) = f"(7) = f""(7) = 0 and
“’)( ) # 0. Thus f has a zero of order 4 at zg = 7.

p(z) =z

q(z)  (z=7)*
p is analytic at zg = 7. And g has a zero of order 4 at zy = 7. So,
the quotient g has a pole of order 4 at zy = 7.
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Example
Let

p(z) 1

9(z)  z(e*—1)
Notice that p(z) and g(z) are entire functions.
q(0) =0, ¢'(0) = [(e* — 1) + (e* — 1)z] ,_, = 0, ¢"(0) =
[2e* 4 ze?],_, =2 # 0, thus, g has a zero of order 2. Hence %
has a pole of order 2 at z = 0.

We find the residue of f at 0 in the next slide.
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Continued from the previous page

2 P
(+5+5+)
- 2

We have a second order pole at 0. Also ¢(0) # 0. Thus

40

J(@omo = —BFFF )

1
=5
QA+ Z+% )2 2~ ™

For instance, given C be |z| = 2 described ccw

1 L, 1 .
\/;Z(ez]_)dz = 27'('/(—5) = —Tl

A. Karamancioglu Advanced Calculus
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A special case

If two functions p and g are analytic at a point zy and p(z) # 0,
q(z0) =0, ¢'(z0) # 0, then zy is a simple pole of the quotient Lﬁg

q(
and the residue there is b; = 5((22?)

Example

p(z) z

q(z) z2+3z+2

At 20 = —1, p(—1) #0, (1) = 0, ¢/(~1) = [2z+3],__, #0
So, the residue at z = —1 is

b= PED | = — 1
1 2z+3],__4

Digression If f(z) = 0 then f(z) = (z — zp)g(z) for some g.
Furthermore, if f'(z) # 0 then g(z) # 0. EOD
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Reasoning for the special case

Since g(zp) =0 and ¢'(z20) # 0; z is a zero of order 1 of gq. That
is, g(z) = (z — z0)g(z) for some g. g is analytic at zp and nonzero

at zg. Thus
p(z) _ p(2)
9(z)  (z—2)s(2)
p(z) _ p(z)/8(2)
q(z) z— 29
Evidently, the residue of Zgzg at zg is gE g Noticing that

p(z0)

q'(20) = g(z0), the residue is 7 (2)
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Let f(z) = £2£. Isolated singular points are at nw, n=0,+£1,...,

p(nt) # 0, g(nw) =0, ¢'(n7) = (—1)" # 0, therefore, each
singular point z = nm is a simple pole with residue b; = p(nm) _ ¢

q'(nm) —

Example
Let f(z) = ;7. Let us find the residue at the isolated singular

point zg = \@ei% =1+ /. Observe that
p(z0) # 0, g(z0) =0, ¢'(z0) # 0. Therefore f has a simple pole at
Zy. The residue is

_Px) 11
q'(z0) 4z5 422 8i 8
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Evaluation of Improper Integrals

Definition Let f be continuous. Then

/Ooof(x)dx — fim /ORf(x)dx (32)

R—o00

/OO F(x)dx == lim /O F(x)dx + lim /ORQf(X)dX (33)

— oo R;1—o00 R, Ry,—o00
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Cauchy Principal Value of [%_f(x)dx is defined by

PV / ~ f(x)dx = lim / " ) (34)

— oo R—oo J_R

If integral (33) converges, it converges to Cauchy principal value.
Recall that

/OO f(x)dx == lim /O f(x)dx 4+ lim /ORZf(X)dx (33)

— oo R;1—o00 —R, Ry,—o00

But existence of CPV does not imply existence of the limits in (33).
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If f is an even function (i.e., f(x) = f(—x)) then existence of (34)
implies convergence of (33). Also for even f, if either of the
integrals (32) or (33)i.e.,

/000 f(x)dx or /_Z f(x)dx

converges, then

Even Function

p 4

—a a
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Odd Function

Note that when f(x) = x, CPV equals zero however (33) does not
converge.

lim /R F(x)dx £ lim /0 F(x)dx + lim /ORz F(x)dx

R—oo J_R R1—o00 R Ry>—o00
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Example

Evaluate
/00 2x% —1
T dx
0 X+ 4 bx + 4

Note that f is even above. Equality below holds if the integrals

converge.
o 2x2_1 1 [ 2x2—-1
— =~ dx== S N
0 x*+5x2+4 2 ) o x*+5x2+4

Let us define

_o2z22-1 o 222-1
A +522+4 0 (22+1)(z2+4)

f(2)

f has isolated singularities at z = +/ and z = +2i.
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Continued from the previous page

Consider the semicircular path Cr depicted in the figure.

-R

Noting that B; and By are the residues of f at j and 2/
respectively, we have

R
/ f(x)dx + / f(z)dz =27i(B1 + By) (35)
“R Cr

v

A. Karamancioglu Advanced Calculus



Continued from the previous page

222 -1

f(z) =

(z—)(z+1)(z%2+4)

Define f(z) = 2&) with ¢(z) = Gy Noting that ¢ is
analytic at zp = 7, and ¢(i) # 0 we may use the residue formula for
the functions having a simple pole. This yields B; = ¢(i) = E—,l
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Continued from the previous page

222 — 1
(22 +1)(z+2i)(z — 2i)
Also defining f(z) = ffzz)i with ¢(z) = % and noting
that ¢ is analytic at zp = 2/, and ¢(2i) # 0 we have
By = ¢(2i) = 7. Now we can use the residue formula

f(z) =

R . 1 3 T
/Rf(x)dx+/CRf(z)dz_zm(31+52)_27”(2 ta)=1

I 2
—>/ —/CRf(z)dz

We will show that fC z)dz equals zero. This will make the
result 3.
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Continued from the previous page

/_’; f(x)dx = g - /CR f(z)dz

We will show that fCR f(z)dz equals zero. This will make the
result 5. Recall that:
For any nonnegative constant satisfying |f(z)] < M, Vzon C

‘/Cf(z)dz’ < ML

where L is length of C.
In the present problem, length is wR, that is, the length of Cg.
Next we find an upper bound M for |f| on C.
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Continued from the previous page

Noting that
222 -1

F+ D +9)
we find upper bound for the numerator [2z2 — 1| and a lower

bound for the denominator |(z2 + 1)(2z2 + 4)|. Using these, we
obtain an upper bound for |f| on Cg.

f(z) =

222 —1| <2z +1=2R*+1
and

|2*4+52%+4] = |22 +1]|22+4] > ||2|*~1][|2|* 4] = (R*~1)(R*-4)

| N .
. 2 +522+4 |~ (RR—1)(R? —4) QL/
M
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Continued from the previous page
222 -1
— / i z : dz
Cr z*4+ 5z +4

/CR 272 -1 'S((2R2+1)TFR

2R? +1
< R
=~ (RZ—1)(R?—4) XQL/

M

41522 4 4% = (RZ_1)(R2 _ 4)

The RHS above goes to zero as R — oo, so is fCR f(z)dz.

™

R
— f(x)dx = = —/ f(z)dz
R 2 Je
R

: ™ .
Rlinoo/R f(x)dx = 5 Rll_r)noc /CR f(z)dz

i R 92x2_1 s
— lim T e S x=5
R—oo J_gp x* +5x2 4+ 4 2
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Continued from the previous page

) R 92x2_1 s
lim T e S dx=
R—oo J_gp x* +5x2 4 4 2

Because the function f is even, we have

/°° 2x2 —1 m
A=
oo XTH+bxe+ 4 2

_>/°° 2x2 — 1 d T
B R P
0 X*+5x2+4 4
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