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BALANCED THREE-PHASE VOLTAGES

A set of balanced three-phase voltages consists of three sinusoidal
voltages that have identical amplitudes and frequencies but are out of
phase with each other by exactly 120°. The phases are referred to as
a, b, and ¢, and usually the a-phase is taken as the reference.

abc (positive) phase sequence: b-phase lags a-phase by
1200,
and ¢-phase leads a-phase by 120°.

V, =V_/0°
V. V, =V_ /-120°
/ V, =V, /+120°
vb
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acb (negative) phase sequence: b-phase leads a-phase by 1200,
and c-phase lags a-phase by 120°.

N v, =V, /0"

v V, =V_/+120°
{

Vo

Ve =V, @0

Another important characteristic of a set of balanced three-phase
voltages is that the sum of the voltages is zero.

V,+V,+V, =0
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THREE-PHASE VOLTAGE SOURCES

A three-phase voltage source is a generator with three separate
windings distributed around the periphery of the stator.

Circuit Analysis II

The rotor of the generator is an electro-
magnet driven at synchronous speed by
a prime mover. Rotation of the electro-
magnet induces a sinusoidal voltage

in each winding.

The phase windings are designed so that
the sinusoidal voltages induced in them
are equal in amplitude and out of phase
with each other by 120°. The phase
windings are stationary with respect to
the rotating electromagnet.
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There are two ways of interconnecting the separate phase windings
to form a 3-phase source: in either a wye (Y) or a delta (A).

a

(a) (b)
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ANALYSIS OF THE Y-Y CIRCUIT

- z,
Zp
z,
b
5 Zye
i e
VN VN - Varn VN - V m VN - VC!n

Ly Ly+L,+L, Ly+ly+Lly, Zo+L +Z,
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i BALANCED THREE-PHASE CIRCUIT

The voltage sources form a set of balanced three-
phase voltages, this means V., V.., V., are a set of
balanced three-phase voltages.

The impedance of each phase of the voltage source
is the same: Z ,=Z,=2,.

The impedance of each line conductor is the same:
L1a=L1p=Lyc.

The impedance of each phase of the load is the
same: Z,=Zg=/

There is no restriction on the impedance of the
neutral line, its value has no effect on the system.
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If the circuit is balanced, the equation can be written as

1 1 V., +V, +V,
VN(Z +Z): a'n an c'n
0 ¢ ¢

Z¢:ZA+Zla+Zga:ZB+Zlb+Zgb:ZC+Zlc+ch

Since the system is balanced, @ V., +V,, +V,, =0 andV, =0

This is a very important result. If V=0, there is no potential difference
between n and N, consequently the current in the neutral line is zero.
Hence we may either remove the neutral line from a balanced Y-Y
circuit (I,=0) or replace it with a perfect short circuit between n and N
(Vy=0). Both are convenient to use when modeling balanced 3-phase
circuits.

Circuit Analysis II Spring 2005 Osman Parlaktuna



W

When the system is balanced, the three line currents are
h _ Vb’n Vc’n

IaA Z J IbB T Z ! ICC Z
¢ ¢

¢

The three line currents from a balanced set of three-phase currents,
that is, the current in each line is equal in amplitude and frequency
and is 1200 out of phase with the other two line currents. Thus, if

we calculate I, and know the phase sequence, we can easily write
IgandI.
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SINGLE-PHASE EQUIVALENT CIRCUIT

We can use line current equations to construct an equivalent circuit
for the a-phase of the balanced Y-Y circuit. Once we solve this circuit,
we can easily write the voltages and currents of the other two phases.
Caution: The current in the neutral conductor in this figure is I_,,
which is not the same as the current in the neutral conductor of the
balanced three-phase circuit, which is I,=I_,+Ig+I

s

Va'n ZA

n
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LINE-TO-LINE AND LINE-TO-
NEUTRAL VOLTAGES

A The line-to-line voltages are V,g, V5, and
+ @ .
t V... The line-to-neutral voltages are V,,
Ve i 2 Vg, and V. Using KVL
- 7 Vo [ -l Vae = Van = Ven
Voa @ B =
N v 1 Vae = Vay — Ve
Vec Ven Z VCA = VCN o VAN
_ g For a positive (abc) phase sequence where
c a-phase taken as reference

Vi =V,/0° Vg, =V, £120°

Voy =V, /+120°
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30° ./
30
Vi

Ven
30°

Van
" 30
Vea Ven Vag

Circuit Analysis II

Vg =V, 00, [-120° = 3V, /30°
Vge =V, /-120° -V, /120° = 3V, /-90°
Ve =V, A20° -V, /0° = Y3V, /150°

e The magnitude of the line-to-line voltage is
V3 times the magnitude of the line-to-neutral
voltage.

e The line-to-line voltages form a balanced
three-phase set of voltages.

eThe set of line-to-line voltages leads the set
of line-to-neutral voltages by 30°

eFor a negative sequence, the set of line-to-line
voltages lags the set of line-to-neutral voltages
by 300
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i EXAMPLE

A balanced three-phase Y-connected generator with positive sequence
has an impedance of 0.2+j0.5 Q/® and an internal voltage of 120V/ .
The generator feeds a balanced three-phase Y-connected load having
an impedance of 39+j28 Q/®. The line connecting the generator to the
load is 0.8+j1.5 Q/®. The a-phase internal voltage of the generator is
specified as the reference phasor.

a' 02 £}

psN 2 080 150 A Calculate the line currents I,,, I, I

| 120/ 0°
g | =———=—_24 /3687°A
" 40+ j30 £

12000V Vi 0
- |, =24 %— 156.87° A
} | . =24/83.13°A
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Calculate the three phase voltages at the load V,y, Vgn, Ve

Vo = (394 j28)(2.4 £36.87°) =115.22 £1.19°V
V,, =115.22,£121.19°

Ve =115.22le8.810V

Calculate the line voltages Vg, Vg, Vea

Vs = (+/3/30°)V,, =19958/28.81°V
V. =19958 /-91.19°V
V., =19958 /148.81°V
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Calculate the phase voltages at the terminals of the generator
vanl vbnl vcn

V,, =120 (0.2+ j0.5)(2.4/~36.87°) =118.9 £0.32°V

V, =118.9 £120.32°V
V, =118.9/119.68°V

Calculate the line voltages at the terminals of the generator
Vabl vbCl Vca

V,, = (+/3/30°)V,, = 20594/29.68°V
V,, = 20594 /=90.32°V
V_, =20594/149.68°V
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ANALYSIS OF THE Y-A CIRCUIT

If the load in a three-phase circuit is connected in a delta, it can be
transformed into a Y by using the A to Y transformation. When the load

is balanced, the impedance of each leg of the Y is Z,=Z,/3. After this
transformation, the a-phase can be modeled by the previous method.
When a load is connected in a delta, the current in each leg of the delta

is the phase current, and the voltage across each leg is the phase voltage.

Zga p—f—" Zla I 9

faa ZA

Van

N

n
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To demonstrate the relationship between the phase currents and line
currents, assume a positive phase sequence and

L =1,/0% g =1,/-120°, Iy =1,/120°

o=l —lea = 1,/0° = 1, 120° = /31, /-30°
le=Bc—AB=I¢/120°—|/0°= 31, /-150°
loe =lea —lge = 1,/120° 1, /~120° = V/31,,/90°

The magnitude of the line currents is +/3 times the magnitude of the
phase currents and the set of line currents lags the set of phase

currents by 309, For the negative sequence, line currents lead the
phase currents by 300,
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Positive sequence Negative sequence
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i EXAMPLE

The Y-connected load of the previous example feeds a A-connected load
through a distribution line having an impedance of 0.3+j0.9Q/®. The load
impedance is 118.5+j85.8 Q/®.

Transforming A load into Y and drawing a-phase of the circuit gives

@ 020 jos0 g 030 j090 A
1185+ |85.8 _ 3950
* =395+ J28.6Q2/ ¢ -
3 <_>120_/0_'V
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Calculate the line currents I_,, I,z and I

120/0°
| = — =24 /~3687°A
40+ j30 L

g = 24 /~15687°A | = 24/8313° A

Calculate the phase voltages at the load terminals:
Because the load is A connected, the phase voltages are the same as

the line voltages.
V,, =(395+ j28.6)(24 /—3687°) =117.04 /—096°V
V,s =~/3/30°V,, =202.72/29.04°V
Vg =202.72 /-=9096°V V_, = 202.72 /149.04°V
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Calculate the phase currents of the load.

1
g = ﬁ@%a‘\ =139 /- 687°A
. =139 /£12687°A I, =139/11313° A

Calculate the line voltages at the source terminals

V., = (398+ j295)(24 /~3687°) =1189 /-0.32°V
V,, =~/3/30° V, = 20594/2968°V
V,, = 20594 /—9032°V V., =20594/149.68°V
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AVERAGE POWER IN
A BALANCED Y LOAD

| Pr = Vi laa| C0S(O,0 — 6,)
M A : P, = Vg | COS(8 — E5)

[l Pe =[Venlec|c0s(€,c — 6c)
e —”TN - Ina balanced three-phase system, the

magnitude of each line-to-neutral voltage

is the same as is the magnitude of each phase
= + current. The argument of the cosine functions
is also the same for all three phases.

Vs = ‘VAN‘ - ‘VBN‘ = ‘VCN‘

l, = ‘IaA‘ = ‘Ibe‘ = [lec

9¢:Q/A_HA:Q/B_QB:9\/C_QC

Circuit Analysis II Spring 2005 Osman Parlaktuna



W

For a balanced system, the power delivered to each phase of the
load is the same

P.=R=F=P,=V,l,cosf,
P =3P, =3V,l,cosg,

V
P = 3(T§)|L cos g, = vV, 1, cosé,

Where P; is the total power delivered to the load.
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COMPLEX POWER IN
A BALANCED Y LOAD

Reactive power in a balanced system
Q, =V,l,sing,
Q; =3Q, =3V,l,sing,

Complex power in a balanced system
S =V I:A = VBN IEB = Ve IZC = V¢|;
S,=P,+1]Q, =

S, =35 —IvalLL
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POWER CALCULATIONS IN A
BALANCED DELTA LOAD

PAB = ‘VAB ‘IAB‘ COS(Q/AB - elvAB)
l Pac = ‘VBC ‘IBC‘ COS(HVBC - leBC)
- +B Pea = ‘VCA‘ ICA‘ COS(HVCA - evaA)
= ICAT Za [Veca
Z
|
C

s For a balanced system

: ‘VAB‘ = ‘VBC‘ = ‘VCA‘ =V,

‘IAB‘:‘IBC‘:‘ICA‘: ¥
Ong — Ons = Opc — Opc = Oca — Oca = ‘9¢

P = Pac =FPea =P, =V, 1 ,c0s6,
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P =3P, =3V,l,cosg,

|
P = 3(TL3)VL cos g, = vV, 1, cosé,
Q, =V,l,sing,

Q; =3Q, =3V,l,sin g,

S,=P,+JQ, =V,
S; =35, =3V, 1, /g,

Circuit Analysis II Spring 2005 Osman Parlaktuna



W

INSTANTANEOUS POWER IN
THREE-PHASE CIRCUITS

In a balanced three-phase circuit, the total instantaneous power is

invariant with time. Thus the torque developed at the shaft of a
three-phase motor is constant, which means less vibration in machinery
powered by three-phase motors.

Considering a-phase as the reference, for a positive phase
sequence, the instantaneous power in each phase becomes

Pa = Vanlaa =V, 1, COS awt cos(wt — &)

Pe = Vening = Vil COS(wt —120°) cos(wt — g, —120°)
Pe = Venlee = Vil COS(wt +120°) cos(awt — 6, +120°)
Pr = Pa+ P+ Pc =13V, 1, c0Os 6,
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i EXAMPLE

A balanced three-phase load requires 480 kW at a lagging power factor
of 0.8. The line has an impedance of 0.005+j0.025Q/®. The line voltage
at the terminals of the load is 600V

Calculate the magnitude of the

0.005¢) j0.025() X line current.
a_ T» 7
V.. GI%Q,;(_)_‘V 160 kw at 0.8 lag % |;A = (160 + j]_20)]_03
— . l ., =577.35/3687° A
n@ N
_ ) 0
Single phase equivalent lap =977.35/-3687°A
|, =577.35A
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Calculate the magnitude of the line voltage at the sending end of the line.

600
Vin = Vi + Ziloy =~ + (0005 + j0.025)(577.35 /-36.87°)
= 35751/157°V
=43V, | =619.23v

Calculate the power factor at the sending end of the line

pf = cos[L57° — (—36.87°)]
= c0s38.44° = 0.783 Lagging

Circuit Analysis II Spring 2005 Osman Parlaktuna



>
[ fas
>
'[ > geon
3.
>
0N 30 sz{ 30 ué
(a)
i loa 48 A
- AAA—
+
120/0% V rms 30 2 %; 20
N
'
Circuit Analysis II Spring 2005

Determine all the load
currents:

Transforming Ato Y as
60/3=20¢, and drawing a-
phase of the circuit gives:

120/0°

_ =7.5/0° Arms
44201130 L

V,, = (7.5@0)(12) =90 @wms
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In the original Y connected load

0
|\ 90 O —BLArms

—3( 120° Arms 1, =3/120° Arms

For the original delta-connected load

V,, = 004/3/0° - 30° = 155.88/ 30°Vrms

0
g = 15588/30° _ 5 6/30° Arms
60

lgc =2.6/—90° Arms |, =2.6/150° Arms
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